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∀ x, y ∈ X

C#W Uc]:CFB
x % y
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y % x

#-X?B�� X[UH] >
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∀ x, y, z ∈ X
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z � y
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�md:CFLDUcW@X?I
§¡W Uc]�WYI:�KW@�}C#BHCFI:J#CM~�C�T[I:L¡Uc]:TVU
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B ⊂ X
# Uc]:C�T �?C#I�U §¡WYZ@Z)J ]KX�X?LDC Uc]:C CFZYC#~�C#I�UOX[E

B
LD]:C�|:BHC�EGC#BHL
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WYL T
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B ∈ X

> � COJ#T[ZYZ�UH]:COC#Z@C#~�C#I�UcL
B ∈ B
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Q+�
 " � � " � ��>

• C (.)
WYL T �! ��� �!" � 
 � " P T[J�Ucd-T[Z@Z@��#�W@U ! L TNJ#X[BHBHCFLH| X?I:�:CFI:J#C)R�UH]-TVU^T[LHLDW(�?I:L TNLDCFU

X[E3J ]:X?LDC#IMC#Z@C#~�C#I�UcL�X[E
B
>)¤-X?BH~�T[ZYZ � #

C(B; %) = {x ∈ B | x % y ∀ y ∈ B}
>

��]:C�J ]:X?WYJFC�BDd:ZYC �?W �?C#L�Uc]KC�LDCFU/XVE W@UHC#~�L�WYI
B
Uc]:TVU Uc]:C�T��?C#I�U ZYW )[C#L T[L ~id:J ]

T[LtT[I��1X[E%Uc]KCMXVUc]:CFB�TVZ@UcCFBHI-T UcW@�[C#LF>

��]:C#BDC TVBHC LHC��?CFBcT[Z+Uc]:W@I��?L/UHX�IKX[UcCMT[� X?dKU
C (B; %)

> \^]KX?WYJFC
S¡d:ZYCFL

• C (B; %)
~�T��lJ#X?I�U TVWYI ~�X[BHC�UH]-T[I�X?I:COC#Z@C#~�C#I�U�>

•
zrE

B
WYL �-IKW@UcCH#�UH]:C#I

C (B; %)
WYL^I:X?I��rC#~�|KU{� P §^C §¡W@ZYZ�|KBHX��?C Uc]KWYL/W@I1|:BHX?| XV�

LHW UcW@X?I�= R�>
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B
W@LNW@I��-I:W UcCH#)Uc]KC#I

C (B; %)
~�W �?]�U � C�CF~�|�U{�?>4�)X LDC#C�§¡]���#�LHd:|:| X?LDC

B = {x | x ∈ [0, 1)}
>/zrE UH]:CNT��?C#I�UtEGC#CFZYL�Uc]-T U�~�X?BHC W@L¡�}C�UHUcCFB P LHX

x % y
W@E

x ≥ y
R;#KUc]:CFI

C (B; %) = ∅
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X = {x, y, z}

T[I:�
B = {{x, y} , {x, y, z}}
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� I:C�| X?LDLHWY�KZYCtJ ]:X?WYJFC�L�UcBHdKJFUcdKBHC�W@L

(B, C1 (.))
#m§¡]:C#BDC�Uc]KC�J ]:X?W@J#C�BHd:Z@C

C1 ({x, y} , %) = {x}
T[I:�

C1 ({x, y, z} , %) = {x}
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x
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	8�=� � " � ����� " � %�� � � " � B � C (B; %) 6= ∅
��� +

Q�> ' ��� A, B ∈ B
� ' x, y ∈ A ∩ B � ��� + x ∈ C (A; %)

��� + y ∈ C (B; %) ��  =" � x ∈ C (B; %)
��� + y ∈ C (A; %)

��� 585 ��
 ¤-X?B P = R*# § C |:BHX3J#CFC#����� ~�TVUc]:CF~�T UcWYJ#T[Z+WYI:�Kd:JFUHWYX?I�X?I UH]:C Imd:~i� C#B X[E
C#Z@C#~�C#I�UcLOX[E

B
>�¤ WYBDLDU)#�LDd:|:| X?LHC�Uc]KC�Imd:~i� C#BOX[E^C#Z@C#~�C#I�UcLOW@L X?I:C�#%LHX

B = {x}
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� ��J#X?~�|:Z@CFUcCFI:C#LDLO#
x % x

#�LDX
x ∈ C(B; %)

> #tC#I:JFC�#�EGX?BiTVZYZ�LHC�UcL
B
§¡W Uc]��Dd:L�U

X?I:CMC#Z@C#~�C#I�U)#
C(B; %) 6= ∅

>���C��3UO# �K�
n ≥ 1

T[I:�
LHd:|K|}X?LDC Uc]:TVU�EGX[B�T[Z@Z+LHCFUHL
B§¡W@UH] C��KT[JFUHZ@�

n
CFZYC#~�C#I�UHLO#

C(B; %) 6= ∅
>���CFU

A
� C�T LDCFUM§¡W@UH]�Cy�KT[JFUHZ@�

n + 1C#Z@C#~�C#I�UcL�T[IK��Z@CFU
x ∈ A

>���]:CFI1#^UH]:C#BDC
W@L�T�LDCFU
B
§¡W@UH] C��KT[JFUHZ@�

n
C#Z@C#~�C#I�UcL

LHdKJ ]�UH]-TVU
A = B ∪ {x}

> � �
Uc]:C W@I:�:d:J�UcWYX[I ]���| X[UH]:C#LDWYLO#
C(B; %) 6= ∅

#�LHX1Z@CFU
y ∈ C(B; %)

>�zrE
y % x

#:Uc]:CFI ���1�:C �-I:W@UHWYX?I
y ∈ C(A, %)

#-LDX
C(A, %) 6= ∅

> � �
J#X[~�|:Z@CFUHC#I:CFLHLO#�UH]:C�X?I:Z@� X[Uc]KC#B | X?LHLDWY�:W@ZYW@U{��W@L Uc]-TVU

x % y
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z ∈ B
#
x % y % z
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x % z
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x % x
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x ∈ C(A; %)
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C(A, %) 6= ∅
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A
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n + 1
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C(A, %) 6= ∅
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A
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C(A, %) 6= ∅
#:§¡]:WYJ ]�|:BHX��[C#L P = R
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x, y ∈ A

# TVI:�
x ∈ C(A; %)

#}Uc]:CFI
x % y

> ��]:C J#X?I:�KW@UcW@X?I
y ∈ C(B; %)

~�C�T[IKL�Uc]-T U�EGX?B�T[ZYZ
z ∈ B

#
y � z
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z ∈ B

#
x % z
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x ∈ B
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x ∈ C(B; %)
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|:BHC�EGC#BDC#I:JFC#LNT[I:��Uc]:CFI TVL )mWYI��1§¡]-T U §¡WYZYZ)]-T[|:| C#I #�W@U W@L WYI�UcCFBHC#L�UcW@I��lUcX1UcdKBHI�Uc]:W@L
|:BHX3J#CFLHL�T[BHX?dKI:� >^z{IK�:C#CF�1#}~ d:J ] C#~�|:W@BHWYJ#T[Z}§ X?B )�BDC�T[LDX?I:LtWYI Uc]:CMBHC��?CFBHLHCM§/T�� �/W U
ZYX3X�)mL�TVU�| C#X?|:Z@C�! L�J ]:X?WYJFC#L P CV> �K> ]:X�§k~idKJ ]�~�X?I:C��iUc]:C��"! �[C�LHT��[C#�1#3§¡]-TVU J�TVB Uc]:C��
�}X[d��?]�U;R;#}TVI:��UHBHW@C#L�UcX��FBcT UcWYX[I-T[ZYW '#C��tUc]:X[LHCMJ ]:X?WYJFC#LA# UH]-TVUtWYLA# � �?d:BDCMX[dKU�§¡]KCFUc]KC#B StTVUcW@X?I-T[Z@W('#C

\^]:X?W@J#CFLUc]:C�J ]:X?W@J#CFLlT[BDC
JFX?~�|:TVUcW@�:ZYC�§¡W Uc]�X?|KUcW@~�W '�TVUHWYX?I T[I:�1#/W E�LDX #^§¡]-T U�UH]:C
J ]KX?WYJFC#L
WY~�|:Z@��T[� X?dKU�UH]:CMT��?C#I�U !�L¡|:BDCFEGC#BDC#I:JFC#LF>
� ]-TVU�T[BDC Uc]:COWY~�|:Z@WYJ�T UcWYX[I:L XVE X?|�UcWY~�W('#TVUcW@X?I <
,.-&/10�2436587$9 \/TVI�§ C����&� ��� ��BHTVUcW@X?I-T[Z@W('#CNJ ]:X?W@J#C#LMT[LO� C#W@I��lUc]:C�BDC#LHdKZ@UOX[E |:BHC�E��
C#BDC#I:JFCl~�Tp�KW@~�W '�TVUHWYX?I < � BM�:X3C#LMUc]:C�~�X3�:CFZ XVE�|:BHC�EGC#BDC#I:JFC�~�T ��WY~�W('�T UcWYX[I�]-T��?C
� " �*��� ( � " � " �*� �;� � ������� �OUc]-T U¡J�T[I��}C �3WYX[Z�TVUHC#�1��� X?�:LDC#BD�[C#�
J ]:X?WYJFC#L <

� ?A> �������AKME � ���*E

z{I Uc]KC�|:BDC#J#CF�:WYI1� J ]-T[|KUHC#BA# §^C��:C#BDW@�[C#�_T J ]KX?WYJFC�BDd:ZYC�EGBHX?~ T4�?W@�[C#I |KBHCFEGCFBHCFI:J#C \^]:X?W@J#C
S¡d:ZYCBHCFZ�TVUHWYX?I1#�§¡BDW@UcW@I��

C(B; %)
UcX�C#~�|:]-TVLHW('FC�UH]:C �:C#BDW@�VTVUHWYX?I > z{I�C#~�|:WYBDWYJ�TVZ^�-TVUcTQ#

u
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]:X�§ CF�?CFBO#�UH]:C C��3WY�:CFI:J#CiJFX?~�C#L�W@I
UH]:CNEGX?BD~�X[E�J ]:X?W@J#CFLO#�LDXlW@UtW@L�]:CFZY|KEGd:Z�UHX�~�T�)[C
Uc]KCMJ ]KX?WYJFCMBDd:ZYC UH]:CO|:BHW@~�W UcW �?C�X[� �DC#J�U�XVE X?dKB¡UH]:C#X[BD�?>

� /	�=367G3�2436587$9 g h 6 � 2?0 j1(%,G0 £ �! ��� �!" � 
 � " W@LtT EGdKI:JFUHWYX?I C : B → B§¡W@UH]1Uc]:CO|:BDX?|}CFBDU{�lUH]-TVU
∀B ∈ B

#
C (B) ⊆ B.

,.-&/ 0�2 36587$9 #�X�§�J�TVI § CMZYC�TVBHI�T[I�T��?CFImU !�LtJ ]:X?W@J#C BDd:ZYC <
z{I |:BHW@I:J#W@|:ZYCH#}§ C�J�T[I ZYC#T[BHI TVI�T �?C#I�U ! LOJ ]:X?W@J#C BHdKZYCi��� §^TVUcJ ]KWYI�� ]:CFB WYI T[J�UcWYX[I1#
]:X�§ CF�?CFBO#%§^C�]-T��?C�UcX LHCFC�]KC#BOJ ]:X3X?LHC�EGBHX?~ T[ZYZ)LHd:�:LDCFUHL X[E

X
>�b�d:|:| X?LDC�§ C�TVBHC

T[�:Z@C�UcX Z@C�T[BDI T[I�T �?C#I�U ! L�J ]:X?W@J#C1BHdKZYC[>_\/T[I_§^C UcCFZYZ^W Et]:C#B�J ]:X?W@J#C1� C#]-T��3WYX[B WYL
J#X[I:LHW@LDUcCFI�Ut§¡W Uc] ]:CFBt~�T ��WY~�W('FWYI��NLHX?~�COd:I:�:CFBHZ ��W@I�� |:BDCFEGC#BDC#I:JFC#L <
� /	�=367G3�2436587$9 %��ljln £¥J ]:X[WYJ#C EGd:IKJFUcW@X?I

C : B → B
LHTVUcW@L �-CFL#�£�S�A

� � 
 �  � � " ��� � ��� ����� � '�� " � " ��� "�+
	 � "(')" � " � �!" W E #K§¡]:C#IKCF�?CFB x, y ∈ A ∩ B
#-T[I:�

x ∈ C(A)
#-T[I:�

y ∈ C(B)
#:UH]:C#I

x ∈ C(B)
T[I:�

y ∈ C(A)
>

��� 5 � 5 0 3 2 36587 �49 � 
 % %=� � " C : B → B
� �L� ����� " � %�� � � �1 =" �

∃
� � ��� %�� " � " ��� + ��� ��� �*� � ��� " %�� "(')" � " � �!" � " � ��� ����� %

���
X

� 
 �! �  ���
C(.) = C(.; %)

� �
C

�O����� � 	 " � � ���
	 �

��]-TVU)WYLA#
C
J#X[d:ZY�M�}C Uc]:C BHCFLHd:Z U XVE¦T[IiT �?C#I�U)~�T ��W@~�W '#WYI1��J#X?~�|:ZYC�UcC T[I:�MUcBHT[I:LHW UcW �?C

P BHTVUcW@X?I-T[Z R |:BDCFEGCFBHC#IKJ#C#LtW@E T[I:� X?IKZ@�lW E
C
LcTVUHWYL �:C#L #�£�S�A%>

��� 585 � 9 ¤ WYBDLDU)#�LHd:|:| X?LDC�UH]-TVU
C(·) = C(·; %)

WYL�Uc]:C�BHCFLHd:Z UMX[E/TVI�T �?C#I�UM~�Tp�3�
WY~�W('FWYI�� JFX?~�|KZYCFUHC�UHBcT[I:LDW@UHW@�?C�|:BDCFEGC#BDC#I:JFC#LF> ¤-BHX[~ Uc]:C1A�BDX?|}X[LHW@UHWYX?I�= # § C )mI:X�§
Uc]:TVU

C
~id:L�U¡LcTVUHWYLDE'��#�£ StA)>

\^X?I��?CFBHLDC#Z@��#[LDd:|:| X?LHC
C
LHTVUcW@L �-CFL�#�£ StA)> ��C �-IKC�UH]:C4��BDCF�[C�T[Z@C#�O|:BHC�EGC#BDC#I:JFC BDC#ZYTVUcW@X?I��

%cT[L�EGX[ZYZYX�§¡L ��W@E�EGX?B�LHX?~�C
A ⊂ X

#
y ∈ A

T[I:�
x ∈ C(A)

#}UH]:C#I LcT��
Uc]-TVU
x %c y

>
��C�I:CFC#�_UcX LD]:X�§�Uc]:BDC#C�UH]:WYI��[LO# I-TV~�CFZ@� #)Uc]-TVU

%c
W@L JFX?~�|KZYCFUHClT[IK� UcBHT[I:LHW UcW �?C

T[I:�1UH]-TVU
C(·) = C(·; %c)

>
 ��
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=?>t¤-X?BMJ#X?~�|:ZYC�UcCFI:C#LDLO# |:W@J*)�T[I��
x, y ∈ X

>4�^CFJ�T[d:LDC
C
WYL IKX?I��{CF~�|�U{� #)UH]:C#I

C#W Uc]:CFB
C({x, y}) = {x}

WYI §¡]KWYJ ]_J�TVLHC
x %c y

# X?B
C({x, y}) = {y}

W@I
§¡]:W@J ]8J#T[LHC

y %c x
#�X?B

C({x, y}) = {x, y}
W@I §¡]:WYJ ] J�TVLHC

x %c y
T[I:�

y %c x
>

Q�>t¤-X?B/UcBHT[I:LDW@UcW �3W@U{� #KLHd:|:| X?LDC
x %c y

T[IK�
y %c z

# T[I:��J#X[I:LHW@�:C#B
C({x, y, z})

#
§¡]:W@J ]
���1]��3|}XVUc]:CFLHWYL¡W@L/I:X?I��rC#~�|KU{�?>�zrE

y ∈ C({x, y, z})
#�Uc]KC#I��m��#�£ StA4#

x ∈ C({x, y, z})
>�zrE

z ∈ C({x, y, z})
#-Uc]KC#I ��� #�£�S�A #

y ∈ C({x, y, z})
>

b�X #-W@I1CF�[C#BD��| X?LHLDWY�:W@ZYW U{� #
x ∈ C({x, y, z})

>�#tC#I:JFC�#
%c

WYL�UcBHT[I:LHW UcW �?C[>
PK>¡zrE

x ∈ C(A)
TVI:�

y ∈ A
# Uc]:CFI����_Uc]KC
�:C �-I:W UcWYX[I8XVE

%c
#
x %c y

>�b�XQ#
x ∈ C(A; %c)

>���]:WYL¡WY~�|:Z@WYC#L Uc]-T U
C(A) ⊂C(A;�c)

> £�ZYLDX #:LHW@I:J#C
C(A)

WYL
I:X?I3�{C#~�|KU{��#¦UH]:C#BDC W@L�LDX?~�C

y ∈ C(A)
>�zrE

x ∈ C(A; %c)
#¦UH]:C#I

x %c y
# LHX

���5#�£�S�A #
x ∈ C(A)

> ��]:W@LtW@~�|KZYWYCFL UH]-TVU
C(A; %c) ⊂ C(A)

>
�

� ��� � "��
£�|:BHX[�:ZYCF~�L^§¡W Uc]�A�BHX?| X?LDW@UcW@X?I QiWYL Uc]-TVU¡W U¡T[LDLHd:~�C#L�Uc]:TVU�§^COX?�KLHC#B��?C Uc]KCMCFI�UcWYBDC
J ]:X?W@J#C�EGd:I:JFUHWYX?I

C(.)
>1S¡C�TVZ��-TVU T�WYLMT[Z@~�X?L�UOI:CF�[C#BMUc]:W@LMJFX?~�|:BHCF]:C#I:LDW@�[C[>�����|KW �

J�T[Z@Z@��#%W E § C�T[BHC UcB��3WYI�� UcX UcCFLDUMUc]:C�|:BHC�EGC#BDC#I:JFC��{�:T[LHCF� ~�X3�:CFZ�X[E/J ]:X[WYJ#CH#%§ C�§¡WYZYZ
X?�:LDC#BD�[CNZ@C#LDL¡UH]-T[I
T[ZYZ}X[E

C
WYI1U{§^X�BHCFLH| C#J�UcL �

=?>t¤-X?B LDCFUcL
B ⊂ X

§¡]:C#BDC
C(B)

J#X[ImUcT[WYIKL ~�X[BHC UH]-T[I�X?I:C C#ZYCF~�CFI�U)# § C�T[BHC
ZYW )[CFZ@��UcX�LHC#COX?IKZ@�lX[I:COC#ZYCF~�CFI�U¡X[E

C(B)
>

Q�>���C §¡WYZ@Z%U{�3|:W@J�T[Z@Z@��LHCFC
C(B)

EGX?B�LHX?~�C�# �KdKU I:X[U T[ZYZ%LHd:�KLHCFUHL
B ⊂ X

>M¤-X?B
C��KT[~�|:Z@C�#?W@I J#X?I:LDd:~�C#B�J ]:X?W@J#C�|:BDX?�:ZYCF~�LA#[Uc]KC�BHC#Z@CF�VT[I�U�LDCFUcL

B
~�T��i� C/X?I:Z �

Uc]KC��:dK���?CFU LHC�UcLA#�§¡]:W@J ]�WYL TM|-T[BDUHWYJFd:Z�T[B�LDd:���rJ#X?Z@ZYC#J�UcW@X?I�X[E�UH]:C�| X?LDLHWY�KZYC¡LHC�UcL
B
>

�)X��:C��?C#Z@X?|�T�UH]:C#X[BD� �-T[LDC#�8X?I8~�X?BDC1ZYW@~�W UcC#��X?�:LDC#BD�VTVUHWYX?IKLO# C#J#X[I:X?~�WYLDUHL�]-T��?C
�:CF�[C#Z@X?|}CF�
UH]:C � " � � � � ����� � ' � " � " ��� "�+ %�� "(')" � " � �!" > ��£�S�A
��£ StA©LcT��3L�Uc]:TVU�W E

x
W@LtC��?CFBD� J ]KX?LHCFI §¡]:C#I

y
WYL�T��VT[W@Z�T[�KZYC�#�Uc]:CFI Uc]:CFBHCNJ�T[I � C

I:XM�:d:���?C�U LHCFU JFX?I�U T[W@I:WYI�� � X[UH]�TVZ@UcCFBHI-T UcW@�[C#L EGX?B §¡]KWYJ ]
y
WYL�J ]KX?LHCFIlT[I:�

x
WYL�I:X[U#>

 ¦ 
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.10 � " � w �56 " � � �ljln ��]:C1J ]:X[WYJ#C�LDUHBHd:J�Ucd:BDC
(B,C (.))

LHTVUcW@L �-CFL Uc]KC � " � �� � ����� � ' � " � " ��� "�+ %�� "(')" � " � �!" W E%UH]:C EGX?ZYZ@X�§¡WYI��i|KBHX?| C#B�U{�1]:X?Z@�:L �

•
zrEtEGX?B LDX?~�C

B ∈ B
§¡W Uc]

x, y ∈ B
§ C ]-T��?C

x ∈ C(B)
#�Uc]:CFI8EGX[B�T[I��

A ∈ B
§¡W@UH]

x, y ∈ A
TVI:�

y ∈ C(A)
#�Uc]KC#I�§ C ~id:L�U�T[Z@LHXM]-T��?C

x ∈ C(A)
>

� �KT[~�|:ZYC
�+b�d:|:| X?LDC�UH]-TVU
X = {x, y, z}

#
B = {{x, y} , {y, z}, {x, z}}

#
C({x, y}) = {x}

#
C({y, z}) = {y}

#
C({x, z}) = {z}

> ��]:WYL J ]KX?WYJFC
L�UcBHdKJFUcdKBHCMLcTVUHWYL �:C#L¡Uc]:CO§^C#T�) T ��WYX[~
> I:CF�[C#B�Uc]:CFZYC#LDLO# §^CMJ�T[IKI:X[Ut]-T��?C
BHTVUcW@X?I-T[Z@W('#W@I���|KBHCFEGCFBHCFI:J#CFL � C#J�TVd:LHC�UcBcTVI:LHW UcW@�3W U{�
§ X?d:Z@� � C��3W@X?Z�TVUHC#� >
��]:CFBHC�EGX?BHCH#:Uc]:CFBHCMJ�T[I � CMIKX�BHTVUcW@X?I-T[Z@W('#W@I��M|:BHC�EGC#BHCFI:J#CMBHCFZ�TVUHWYX?I�>

,.-&/ 0�2 36587$9 � ]-TVU�J#X[I:�:W@UHWYX?I1§ X?d:Z@�
§ C I:CFC#� W@I T[�K�:W@UHWYX?I1UcX�Uc]:CO§ C�T�)�T ��WYX[~
� C#WYI1�tLHTVUcW@L �-CF�MEGX[B Uc]:CFBHC�UcX¡� C T�BHTVUcW@X?I-T[ZV|:BHC�EGC#BHCFI:J#C BHCFZ�TVUHWYX?I

�
Uc]-TVU%BHTVUcW@X?I-T[Z@W('#CFL

C(.)
BHCFZ�TVUHW@�?C UHX

B
�:Uc]:TVU¡WYL

C(B) = C(B, %) ∀B ∈ B
<

� 7J0�� / � 9
B
WYI:JFZYd:�KC#LtT[ZYZ}LHd:�KLHCFUHL�X[E

X
X[E)d:|�UHX Uc]:BDC#COC#Z@C#~�C#I�UcLF>

¤-X?B�T[�K�:W@UHWYX?I-TVZ�~�TVUcCFBHW�TVZ�X?I1��£�S�A #-LHC#CMLHCFJFUHWYX?I�=?> �¥XVE���� � >

 3f
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b�XNE5TVBO#m§^C�]-T��?C TM|:BHC�UHU{��T[�:LDUHBcT[J�U^~�X3�:C#Z¦X[E�J ]KX?WYJFC[>�£�L^TNL�UcC#|�UcX�§/TVBH�l]-T��3WYI1�iT
~�X[BHC UcBHT[JFUcT[�:ZYCO~�TVUc]KC#~�TVUcW@J�T[Z�EGX[BH~id:ZYTVUcW@X?I1X[E �:C#JFWYLHW@X?I��r~�T�)mW@I�� #K§ C I:X�§�W@I�UcBHX �
�:d:JFC�UH]:C WY�KC�TlX[E dKUcW@ZYW U{� #¦§¡]:WYJ ]�T[LHLDW(�?IKLOTlI3dK~�CFBHWYJ#T[Z BHT[I�)mWYI1� UHX1C�T[J ]�| X?LHLDWY�:Z@C
J ]:X?W@J#C[> ¤-X?B C��KT[~�|:ZYCH#:W@E�UH]:C#BDCNTVBHC

n
J ]:X[WYJ#CFL¡BcT[I�)VC#� WYI1X[BH�:CFB/EGBHX?~ �-BHL�U�UcX�Z�TVLDU)#

§^C�~�T�� T[LDLHW �?I�Uc]:Ci§ X?BHL�UOJ ]:X?W@J#C P L!R T1dKUHWYZYW U{��X[E �Q#�Uc]KC I:C��3UO§^X[BHLDUMT1dKUHWYZ@W@U{� X[E
= #:TVI:�1LHX�X?I > A�W@J*)mWYI��iUH]:C ~�X?LDU�|KBHCFEGCFBHBDC#� J ]:X?W@J#C�UH]:C#I�T[~�X?d:I�UcL UcXi|:W@J*)mWYI��iUH]:C
J ]:X?W@J#C/§¡W@UH]iUc]:C �?BHC#TVUcCFLDU�dKUHWYZYW U{�?>+z{I Uc]:W@L J ]-T[|�UcC#BA#�§^C/§¡W@ZYZ3C��KT[~�WYI:C^UH]:C/JFZ�T[LDLHWYJ#T[Z�#
|:BHC�EGC#BDC#I:JFC��{�:T[LHCF��T[|:|:BDX�T[J ] UcX�dKUHWYZYW U{��EGdKI:JFUHWYX?I:LF>

.10 � " � w �G6 " �Ovlw � , � wyx��+(%")2[w �56 " £�|:BDCFEGCFBHC#IKJ#C BDC#ZYTVUcW@X?I
%
X?I

X
W@L �¡UcWYZ@W@U{�

S¡C#|:BDC#LHCFI�U TVUHWYX?IBHCF|:BHCFLHC#I�UHC#� ����T dKUcW@ZYW U{��EGdKI:JFUHWYX?I
u : X → R

W@E
x % y ⇔ u(x) ≥ u(y).

��]-TVU�WYLA#¦T�dKUHWYZ@W@U{��EGd:I:JFUHWYX?I
T[LDLHW(�[I:LtT�Imd:~i� C#B�UcX�C�TVJ ] C#Z@C#~�C#I�UtWYI
X
>^£¥dKUHWYZ@W@U{�

EGd:I:J�UcWYX[I
u
BHC#|KBHC#LDC#I�UcL^T |:BHC�EGC#BHCFI:J#C�BHCFZ�TVUHWYX?I

�
W E}UH]:C¡Imd:~�CFBHW@J�T[Z:BHT[I�)mWYI1�

u
�?W@�[C#L

UcX�C#Z@C#~�C#I�UcL¡W@I
X
JFX?WYI:JFWY�:CFL�§¡W@Uc]1UH]:CO|:BHC�EGC#BHCFI:J#CMBcTVI�)mWYI��2�?W �?C#I ���

%
>

#�T��3WYI��iTidKUcW@ZYW@U{��BDC#|:BDC#LDC#I�U TVUHWYX?IlEGX[B^|:BDCFEGC#BDC#I:JFC#L¡WYL J#X?I��[C#I:W@C#I�Ut�}CFJ�T[d:LDC W@U Ucd:BDI:L
Uc]:Ct|:BDX?�:ZYCF~�X[E�|:BHC�EGC#BHCFI:J#C�~�T ��W@~�W '�TVUHWYX?INWYI�UcXNTMBDC#ZYTVUcW �?C#Z � E5T[~�WYZ@W�T[B)~�T Uc]�|:BHX[���

=�P
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ZYCF~
> zrE
u
BHC#|KBHC#LDC#I�UcL

%
#:Uc]:CFI

C(B; %) =

{
x | x

LDX?Z@�[C#L
max
x∈B

u(x)

}
.

£ I:TVUcd:BHT[Z �3dKC#LDUHWYX?I�W@L�§¡]:C�Uc]:CFB��?W@�[C#I�Tl|KBHCFEGCFBHCFI:J#C BDC#Z�T UcWYX[I
%
#�§ CiJ�TVI T[Z@§^T���L

�-I:�
TiEGd:I:J�UcWYX[I
u
UcX�BHCF|:BHCFLHCFImU

%
>

A�BHX[|}X?LDW@UHWYX?I1P ��� ' X
� � 	8�=� � "�� �  =" � ��� � � ��� %�� " � " ��� + ��� ��� �*� � ��� "

%�� "(')" � " � �!" � " � ��������� %
���

X � ��� (*" � " %�� " � " �=� "�+�( ��� 
 � � � � � �
'�
 � � � ����� u : X → R

�

nMo 6�6 q�� ��]:Ci|:BDX�XVE WYLt����WYI:�:dKJFUcW@X?I X[I
Uc]KC LHW '#CMX[E UH]:C LDCFU�>¡��CN|:BDX��?C UH]-TVUtUc]:C
BHCF|:BHCFLHCFImUcTVUcW@X?I�J�T[I
�}CO�:X?IKCMEGX?B¡T�LHC�U�XVE LDW('#C

n
LHd:J ]�Uc]-T UtUH]:CMBcT[I��[C

{u(x)|x ∈

X} ⊂ {1, ..., n}
>+� C^�}C �?WYI §¡W Uc]

n = 0
> zrE

X = ∅
#[UH]:C#I

{u(x)|x ∈ X} = ∅
#[LHX

Uc]KC J#X[I:J#Z@d:LHW@X?I W@L�UcBDW@�3W�TVZ >¡��Cy�3U)# LDd:|:| X?LHC UH]-TVU�|:BHC�EGC#BHCFI:J#CFL J�T[I �}CNBHC#|KBHC#LDC#I�UcCF�
T[Li�KC#LHJFBHW@�}CF�8EGX?B T[I��_LHC�U §¡W@UH] TVU ~�X?LDU

n
C#ZYCF~�CFI�UcL#> \^X?I:LDWY�:CFB T�LHCFU

X
§¡W Uc]

n + 1
CFZYCF~�CFImUHL#>¥b3WYI:JFC

C(X, %) 6= ∅
#�Uc]:C
LHCFU

X − C(X, %)
]-T[L�I:X ~�X?BHC

Uc]:T[I
n
C#ZYCF~�CFI�UcLO# LHX�|:BHC�EGC#BHCFI:J#CFL BHCFLDUHBHWYJ�UcCF� UcX�Uc]-TVU�LHC�U J#T[I � C BHCF|:BHCFLHCFImUHC#� ���

T�dKUHWYZ@W@U{�lEGd:IKJFUcW@X?I
u
§¡]:X?LDC BcT[I1�?C W@L

{1, ..., n}
>���C Cy�3UcC#IK� UH]:Ci�:X[~�T[W@I X[E

u
UHX

X
��� LHCFUDUcW@I��

u(x) = n + 1
EGX[B�C�T[J ]

x ∈ C(X, %)
> ��Cy�3U)#-§^CMLH]KXp§ Uc]-T UtUH]:WYL

uBHCF|:BHCFLHCFImUHL
%
>

� W@�?CFI�TVIm�
x, y ∈ X

#^LDd:|:| X?LHC�Uc]-TVU
x % y

>�zrE
x ∈ C(X, %)

#^Uc]:CFI
u(x) =

n + 1 ≥ u(y)
>�zrE

x /∈ C(X, %)
#�UH]:C#I ��� UHBcT[I:LDW@UHW@�3W@U{��X[E

%
#�W@U ~id:LDU T[ZYLDX �}C

UcBDd:C UH]-TVU
y /∈ C(X, %)

#tLHX
x, y ∈ X − C(X, %)

> ��]:C#I1#t����JFX?I:L�UcBHdKJFUcW@X?I1#
n + 1 ≥ u(x) ≥ u(y) ≥ 1

>
¤-X?BNUH]:C1J#X[Im�[C#BDLHC�# LHd:|K|}X?LDC W@UiW@LiI:X[U UcBHdKClUc]-TVU

x % y
> ��]:C#I1#

y � x
# TVI:�8T

LD�3~�~�C�UcBDWYJMT[B �[d:~�CFI�UtUHX�UH]:CMX?I:CMWYI Uc]:CN|:BHCFJ#C#�KWYI���|-T[BcT �?BcT[|K]
CFLDU TV�:ZYW@LH]:CFLtUH]-TVU
n + 1 ≥ u(y) > u(x) ≥ 1

> #tC#I:JFC�#
x % y

W@E¡T[IK� X?I:Z � W@E
u(x) ≥ u(y)

#%LHX
uBHCF|:BHCFLHCFImUHL

%
>
�

� ��� � "��
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zrE
X

WYL�WYI��:I:W@UHC�#�Uc]:W@I��?L�T[BHC�T �:W@U�~�X?BHC1JFX?~�|:ZYW@J�TVUHC#� >8z{I �[C#I:CFBcT[Z #^I:X[U�C��?C#B��
J#X?~�|:Z@CFUcCH#?UcBHT[I:LHW UcW �?C/|:BDCFEGCFBHC#IKJ#CtBHC#ZYTVUcW@X?Ii§¡WYZ@ZK� C�BHCF|:BHCFLHC#I�UcT[�:ZYCt����T BHC#T[Z � �[TVZYd:CF�
dKUcW@ZYW U{��EGdKI:JFUHWYX?I >�¤-X?B^C��KT[~�|:ZYCH#KJ#X[I:LHW@�:C#B�Uc]KC ZYC���W@J#X��?BHT[|:]:W@J�|:BDCFEGCFBHC#IKJ#C#L�T[JFJ#X?BD��� ��C���WYJFX��?BHT[|:]:W@J

A�BHC�EGC#BHCFI:J#CFLWYI�� UHX�§¡]KWYJ ]
x � y

§¡]KC#I:C��?C#B�C#W Uc]:CFB

=?>
x1 > y1

X?B
Q�>

x1 = y1
T[I:�

x2 > y2
>

z{I�§ X?BH�KLO# TVLNZ@X?I���T[LOUc]:C �-BDLDUNJ#X?~�|}X[I:C#I�UNX[E
x
W@LOZ�T[B �?C#B UH]-T[I Uc]-TVUMX[E

y
#
x
WYL

|:BHC�EGC#BDBHC#��UcX
y
#%BHC �?T[BH�:Z@C#LDLNXVE/Uc]:C��VT[ZYdKC#LMX[E/Uc]KC�LDC#J#X[I:� J#X[~�| X?I:CFImUHL X[E

x
T[I:�

y
>�zrE^UH]:C �-BHL�U JFX?~�| X?I:CFI�UMLN� C#JFX?~�C�C �3d:T[Z�#%X?I:Z � Uc]:C�LHCFJ#X?IK� J#X[~�| X?I:CFImUHL TVBHC
BHCFZYCF�VT[I�U#> ��]:C�I-T[~�C ZYCy�KW@J#X��[BcT[|:]KWYJlW@L��KC#BHW �?CF��EGBHX[~ Uc]:C1§^T���T �:W@JFUcW@X?I-T[B�� W@L
X?B �?T[I:W('FC#� >
��]:C#LDC |:BDCFEGC#BDC#I:JFC#LlJ#T[I:I:XVU�� C
BDC#|:BDC#LDC#I�UcCF�©�m��T BHC#T[Z � �[TVZYd:CF��dKUHWYZ@W@U{��EGd:I:JFUHWYX?I�>
��]:C�|:BHX?�KZYC#~�WYL UH]-TVU Uc]KC�T �?C#I�U ! LM|:BHC�EGC#BHCFI:J#CFLiT[BDC LHX ��BDC �-I:CF��� UH]-TVU Uc]KC�LDCFUMX[E
BHC#T[Z�Imd:~i� C#BHLMWYL UHX�X�LH~�T[Z@Z)UcX�J�TV|KUcd:BDC Uc]:CF~ T[ZYZ > ��]:WYLOWYLOTVZYLHX�T[I�C��KT[~�|:Z@C�EGX[B
§¡]:WYJ ]�WYIK�:W@�}C#BDC#I:JFC J#d:B��?C#LM�:X?I ! UOCy�KW@LDUO#%� C#J#T[d:LDC�UH]:C�T��?CFImUOW@L I:CF�[C#BMWYI:�KW@�}C#BHCFI�U
�}C�U{§^CFC#I�TVIm��U{§^X�J ]:X?W@J#C#LF>

��?A> ��I � E&C�� E&C N��@I�� � � ��� � � C �AN � ILN

z{INUH]:C �:BHLDU)|:BDX?�:ZYCF~ LHC�U)# �?X?dM§^CFBHC/TVL )[CF� UcXt|:BDXp�[C UH]-TVU)W@E3Uc]:C |:BDCFEGC#BDC#I:JFC^BDC#Z�T UcWYX[I
%
X?I

X
W@L/BHCF|:BHCFLHC#I�UHC#� ���1T dKUHWYZ@W@U{� EGd:I:J�UcW@X?I

u : X → R
#KUH]:C#I W U�WYL�TVZYLHX BDC#|:BDC��

LHCFImUHC#�
�m�
v(u(x))

#KEGX?B¡TVIm�lWYI:JFBHC�TVLHWYI1��EGdKI:JFUHWYX?I
v : R → R

> ��]:WYLtT[BD�:W@UHBcT[BDWYI:CFLHL
WYI1Uc]KCO§^T�� |:BHC�EGC#BDC#I:JFC#L�T[BHCOBHCF|:BHCFLHCFImUHC#� ]:T[L¡WY~�|}X?B�U T[I�U^J#X?I:LDC �md:CFI:J#CFL#>
��]:COWYI�UcCFZYZ@C#JFUHd-T[Z ]:WYL�UcX?B��lX[E+UH]:C dKUcW@ZYW U{��W@�:C�Ti]:T[� W@UcL^BHX3X[UcL�W@I1dKUcW@ZYW@UcT[BHWYT[I Uc]:CFX?BD��#
T[J#JFX?BH�KWYI���UcX�§¡]:WYJ ] # EGX?B¡Cy�:TV~�|:Z@C�#-LDX?~�C �?X3X��KL�~�W �?]�U¡�}CM~�X[BHC �VT[ZYd-TV�:ZYC UHX�~�C
Uc]-TVI�UHX��[X?d1# WYI1Uc]:CMLHCFI:LHCNX[E �[W@�3WYI���~�C ~�X[BHCMT[�:�:W UcW@X?I-T[Z}dKUcW@ZYW@U{�[> ¤¦X[B�C��KT[~�|:ZYCH#
LHd:|K|}X?LDC��?W@�3W@I��t�[X?d LHX[~�C �?X�X3� W@I:J#BDC�T[LDC#L �[X?d:B d�UcWYZ@W@U{� ���NX?I:CH#[§¡]:C#BDC/W@E-UH]:C �[X�X3�
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§ C#BHC �?W �?CFI UHX�~�CH#K~ ��dKUcW@ZYW@U{��§ X?d:Z@��W@I:J#BDC�T[LDC#L¡���lU{§ X # �?W@�[C#I LHX[~�C BDC#|:BDC#LDC#I�U T �
UcW@X?I >�zrE�X?IKC ~id:Z UcW@|:ZYW@C#L¡T[Z@Z�X[E �?X[d:B dKUHWYZYW UcW@C#L/����EGX?d:BO# X?I:C �?CFUHL T[I
C �md-T[Z@Z@�1�VT[Z@WY�
BHCF|:BHCFLHCFImUcTVUcW@X?I X[E �?X?d:B�|:BHC�EGC#BDC#I:JFC#LO#��KdKU I:X�§�UH]:C Cy��UHBcT�d�UcWYZ@W@U{�l�[X?d �?C�U)#¦§¡]:WYJ ]
WYL EGX?d:BO#KC���J#CFC#�:Lt~ �lCy�3UcBcT dKUHWYZ@W@U{��X[E%U{§^X:> ��]KWYL�C��KT[~�|:Z@C WYZYZ@d:LDUHBcTVUHC#L Uc]:C��?CFI:C#BHT[Z
|:BDWYI:JFWY|:Z@CtUH]-TVU�dKUHWYZ@W@UcW@C#L �:C#BDW@�[C#�1EGBHX?~�X?�KLHC#B��?CF� J ]:X?W@J#CFL/J�T[IKI:X[U¡� C d:LHCF�1EGX?B �FW@I��
UcCFBH| C#BDLHX?I-TVZ%JFX?~�|-T[BHW@LHX?IKLO# � UH]-TVU�WYLO#:UH]:CF��J#T[I:I:X[U��:C �-I:W@UHW@�[C#Z@�lBHC#LDX?Z@�[C �md:CFLDUcW@X?I:L
T[� X?dKU�UH]:COBHC#ZYTVUcW �?C��VT[Z@d:C X[E)�[TVBHWYX[d:L �?X3X��KL/UcX �?X?d T[I:�1UcX�~�C[>
b�C��?C#BHT[Z �VT[BDW�T[I�UHLNX[E/dKUcW@ZYW@U{�
Uc]:CFX?BD��]-T��[Cl�}CFC#I �KCF�?CFZYX?| C#� UH]-TVUN~�W �?]�U)#%WYI�|:BHW@I��
J#W@|:ZYCH# � Cld:LHCF� EGX?BiW@ImUHC#BD|}CFBHLHX[I-T[Z J#X?~�|-T[BDWYLHX[I:L#> ��]:CFLHCl�VT[BDW�T[I�UcL �?W@�[Cl~�C�T[I:W@I��
UcX
LDUcTVUcCF~�CFImUHLiZYW )[C ��EGX�X3��~�C#T[I:L ~�X?BDC�UcX T LDUcT[BD�3W@I�� | C#BHLDX?I UH]-T[I UHX�T LcT UcC#�
| C#BHLDX?I > �
� I:C�E5TV~�X?dKL �VT[BDW�T[I�U/W@L �:T[LHCF�1X?IlJ ]:X?W@J#CFL/~�TV�:C (*"! � � + �  =" � " � ��� ' � 
 � ��� ��� �!" #mWYI
§¡]:W@J ]
W@I:�:W@�3W@�:d-T[Z@L/T[BDCNTVL )[CF�
UHX�JFX?I:LDWY�:CFB¡UH]:CO|}X[LHLHW@�:WYZ@W@U{��Uc]:TVU¡Uc]:C��1~�W �?]�U�]-T��?C
� C#J#X[~�C C#W@UH]:C#B+Uc]KC^LDUcT[BD�3W@I�� | C#BHLDX?IiX?B%Uc]:C LcTVUHC#� | C#BDLHX?I >��^C#]KWYI:� UH]:C^|K]:WYZ@X?LHX?|K]��
WYJ#T[ZYZ �i~�X[UcW �VTVUcCF���[C#W@Z}X[E W(�?I:X[BcT[I:JFC�#�Uc]KCF���:X I:XVU )mI:X�§©§¡]:W@J ]l|}X[LHW@UHWYX?I�Uc]KCF��§¡WYZ@Z
X3J#J#dK|m��T[IK�lT[BDC�T[L )[CF�lUcXM�:C#JFWY�:CH#3EGBDX?~�Uc]-T U^| C#BDLH| C#JFUHW@�[C�#�§¡]:TVU^BDd:ZYC¡Uc]KCF��§^X[d:ZY�
]:X?| C�T[|:|:Z@WYCFL UcX
T[ZYZ@X�J#TVUcC TVIm� Cy�3UcBcT1EGX3X���Uc]:TVUM~�W �?]�UO�}CFJ#X?~�C�T��VT[W@Z�T[�KZYC[> ��]:WYL
TVUDUcC#~�|KU UHXO�-T[LHCtT ~�X?BcTVZK�:CFJ#WYLDWYX?I�X?I�T J ]:X?W@J#C�� C#]:W@I:� Uc]:C��[C#WYZKX[E W(�?I:X[BcT[I:JFC/§¡WYZ@Z
� C��KWYLHJFd:LHLDC#�_T ��T[WYI�TVE'UHC#B § C�]-T��?C�UcBDC�TVUHC#��Uc]:C�Uc]:CFX?BD� XVE^J ]:X[WYJ#C�d:I:�KC#BMd:I:J#CFB��
U TVWYI�U{�?>�£ JFBHW UcWYJFWYLD~¨XVE%UH]:WYL^C#I�UcW@BHCOT[|:|KBHX�T[J ] W@L^Uc]-T U�W@U�W@L/�-T[LDC#� X?I1]��3|}XVUc]:C�UcWYJ#T[Z
J ]:X?W@J#CFLO# BcTVUH]:C#BiUH]-T[I8BHC�TVZ/X?I:CFL#> #t�3| X[Uc]KCFUcW@J�T[Z^J ]:X?WYJFC#LA#^J#BDW@UHWYJ#LiT[B �?dKC�# �:X I:X[U
]-T��?COUc]KCMLHT[~�CML�U T[IK�:WYI���T[L¡BDC�T[Z�J ]:X[WYJ#CFL�TVI:��T[BHCOI:X[U�T BHCFZYWYT[�:ZYC�§/T��1UcX�|:BDC#�:W@JFU
BHC#T[Z J ]:X[WYJ#CFL#>
£�IKX[Uc]:CFBN�VT[BDW�T[I�UN�:CF�[C#ZYX[|:L�T �:W ��CFBHC#I�U J#X?I:JFC#|KUHWYX?I X[E¡dKUcW@ZYW U{� Uc]:CFX?BD��#��-T[LDC#�_X?I
Uc]KCMW@�:C�T Uc]:TVUt|}CFX?|:ZYC �KX�I:XVU�IKX[UcW@J#COLH~�T[ZYZ��:W@�}C#BDC#I:JFC#L�T[I:��C���|:BHCFLHL W@I:�:W ��CFBHC#IKJ#C
� CFU{§ C#C#I J ]:X[WYJ#CFLNUH]-TVU TVBHC�JFZYX?LDC[>�zrE�Uc]-T U T[JFJ#d:BHTVUcCFZ@���:C#LDJ#BDWY� C#L ]md:~�T[I � C#]:T����
WYX[BO#)UH]:C#I_X[I:Cl~�W(�?]�UN�:CFUHC#BH~�WYIKClT d:IKW@U EGX[B ~�C�T[LDd:BHW@I�� dKUHWYZ@W@U{� ��� �KCFUcCFBH~�WYI:W@I��
C#~�|:W@BHWYJ#T[ZYZ � Uc]:C�� 
 �*�M� ����� �!" � ( � "@+ � � " � " � �!" � ��]KCNW@�:C�T WYL/UHX��KC#BHW �?CMT�dKUcW@ZYW@U{��BHCF|��
BHCFLHCFImUcTVUcW@X?I�WYI�§¡]:WYJ ]

x � y ⇐⇒ u(x) ≥ u(y)+1
T[I:��LHX

x ∼ y ⇐⇒ not(x � yX?B
y � x) ⇐⇒ |u(x) − u(y)| < 1

>-��]:WYL W@L T Uc]:CFX?BD� WYI_§¡]:WYJ ]
�
WYLiUcBHT[I:LDW �
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UcW �?CM�:dKU
∼
WYL¡I:X[UO# LDX�W U�W@L�EGd:I:�-T[~�C#I�UcT[ZYZ �l�:W ��CFBHC#I�UtEGBHX?~ UH]:COUc]:CFX?BD� �:CFLHJFBHWY� C#�

T[� Xp�[C[>���]:W@LMUH]:C#X[BD��EGX?BD~�T[Z@W('FC#L�UH]:C�W@�:C�T1Uc]:TVUiT LDUcT[BD�3W@I��
| C#BDLHX?I ~�T���� C#I:C �:U
~�X[BHC¡EGBHX?~ Cy��UHBcTNEGX3X3��Uc]:T[IlT LHTVUcCF�l| C#BHLDX?I >�z{I�E5TVJFU)#3W@E T LH~�T[Z@Z¦T[~�X[d:I�U^X[E�EGX�X3�
§^CFBHC�UHBcT[IKLDEGC#BDC#�lEGBDX?~ Uc]:C LHTVUcCF�l| C#BHLDX?I1#�LH]:C ~�W(�[]mU I:X[U^CF�[C#I I:X[UHWYJ#C¡Uc]:TVU/W U §^T[L
~�W@LHLDWYI��i§¡]:W@ZYC UH]:CO]3dKI��?BD�l|}CFBHLHX[I�§ X?d:Z@�
CFI �DX�� T J#ZYC#T[B�� C#I:C �:U�>
��]:C#LDC T[IK��X[UH]:C#B�Uc]KC#X?BDWYC#L�X[E�J ]:X?W@J#C�T[BHC�X?~�W@UDUcC#�_]KC#BHC�LHX�Uc]-T U�§ C�J�T[I8EGX�JFd:L
X?d:BiZ@WY~�W@UHC#� T UHUcCFI�UcWYX[I X?I_Uc]:C��:CFUcT[WYZ@LiX[E¡BcT UcWYX[I-T[Z J ]:X?WYJFC�#�§¡]:W@J ]8W@L Uc]KC1~�X3�:C#Z
Uc]-T Uid:I:�KC#BHZ@WYCFLNUc]KC�X��?CFBD§¡]:CFZY~�WYI�� ~�T �DX?BDW@U{��XVE¡C#J#X[I:X?~�WYJ�T[I-T[Z ��LDWYLF>
z{BDX?I:WYJ#T[ZYZ � #
]:X�§^C��?CFBO#�Uc]:Ci�[C#B���T[J*)mI:X�§¡ZYCF���?CF~�CFImUOUH]-TVU�§ C��:Xl]-T��[C�Z@WY~�W@UHC#�
TVUHUHC#I�UcW@X?I Uc]:TVU
J�T[I�TV�}C#J�U�X?d:B J ]KX?WYJFC�X[E¦§¡]-TVU�UcXOL�Ucd:�K� WYL�W UcLHCFZ@E T J ]-TVZYZYCFI��?C^UHX Uc]:C�JFZ�T[LDLHW@J�~�X3�:C#Z
X[E)BcTVUHWYX?I-TVZ�J ]:X?W@J#CV>

��? � � EJN	��C �OK������@I.N �@I BDC4EGFHE&C4EJILKMEJN

�)Xt~�T�)[C�|:BDX��?BHCFLHL+WYIOCFJ#X?I:X[~�W@J#L+BHCFLHC�TVBHJ ]1#VW@U+WYL+TVZY~�X?LDU+TVZ@§^T��3L+I:CFJ#C#LDLcT[B��OUcXt~�T�)VC
T[�:�:W UcW@X?I-T[ZKT[LHLDd:~�|�UcWYX[I:L�Uc]-TVU BDC#LDUHBHW@JFU |:BHC�EGC#BDC#I:JFC#L^W@I �[TVBHWYX[d:L�§/T��3L#>���J#X[I:X?~�WYLDUHL
UcB�� UcX � C/J#T[BHC�EGd:Z-T[� X?dKU)Uc]:CFLHCtT[LHLDd:~�|KUcW@X?I:L#>%� C�~�T�)VC^Uc]:C�~�WYIKWY~�T[ZmT[LHLDd:~�|KUcW@X?I
I:C#JFC#LDLcT[B���EGX?B�Uc]:C�T[I-TVZ@�3LHW@L UHX � CtUHBcT[J�U T[�:Z@C�TVI:��W@Im�[C#L�UcW(�?TVUcC�T[ZYZ:UH]:C�W@~�|:Z@WYJ#TVUcW@X?I:L
X[E�T[I��OT[LDLHd:~�|KUcW@X?I1#�LDX¡UH]-TVU�UH]:CF��J�T[IO� C UcC#L�UcCF�Nd:LDWYI��/§¡]:TVUcC��?C#B%�-TVUcT/WYL�T��VT[W@Z�T[�:Z@C[>
z{I�UH]:WYL�LDC#JFUHWYX?I #m§ C�§¡W@ZYZ�ZYX3X�)iTVU LDCF�?CFBcT[Z BHCFLDUHBHWYJ�UcW@X?I:L�X?I�|:BHC�EGC#BDC#I:JFC#L^UH]-TVU T[BDCtUH]:C
~�X[LDUtJ#X?~�~�X?I:Z@��d:LHCF� X?IKC#L�W@I
CFJ#X?IKX?~�W@JOT[I-T[Z �3LHWYLF>�� d:B�U TVL ) WYI C�TVJ ] J�T[LDCNW@L�UcX
WY�:CFI�UcW@E'��]:X�§ BHCFLDUHBHWYJ�UcW@X?I:L�X[I�|:BHC�EGC#BHCFI:J#CFLOT[I:��BDC#LDUHBHW@JFUcW@X?I:L�X?I dKUHWYZYW U{�1EGd:I:J�UcWYX[I:L
T[BHC¡BDC#Z�T UcC#��> � I�X[I:C�]-T[I:� #3LDWYI:JFC¡~�X3�:C#Z@C#BDL�d:LHd-TVZYZ@�N§^X[B ) §¡W Uc]�dKUcW@ZYW U{�NEGd:IKJFUcW@X?I:LA#
Uc]:CMWY�KC�T�WYLtLHX?~�CFUHWY~�C#L�UcX�WY�:CFI�UcW@E'�1T[ZYZ UH]:CNBDC#L�UcBHW@JFUHWYX?I:L¡X?I
J ]:X?W@J#C#L�WY~�|:ZYW@C#�1����T
|-T[B�UcWYJFd:Z�TVBNTVLHLHdK~�|KUHWYX?I T[�}X[dKUidKUHWYZ@W@U{�?> � I UH]:ClX[UH]:C#BN]-T[I:�1# §¡]KC#I Uc]KC��:CFLHWYBDC#�
BHCFLDUcBDWYJ�UcWYX[I�X[I�J ]:X[WYJ#CFL W@L��?W@�[C#I1#mUc]:C¡|:BDX?�:Z@C#~�W@L�UHXNW@�:C#I�UHW@E'� UH]:CtC��KT[JFU BHCFLDUHBHWYJ�UcW@X?I
X?I�dKUcW@ZYW@U{��EGd:IKJFUcW@X?I:L�Uc]:TVU¡J ]-T[BHT[JFUHC#BHW '#C Uc]KC �[W@�?CFI
BDC#L�UcBHW@JFUHWYX?I1X?I�J ]:X?W@J#CFL#>
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��������� ��������� � �����[�

��]:C�EGX?Z@ZYX�§¡WYI���J#X?I�UHWYImd:W@U{� BHCFLDUcBDWYJ�UcWYX[I X?I�|:BHC�EGC#BHCFI:J#CFL W@L�T J#X?IK�:W@UHWYX?I UH]-TVU�W@~�|:Z@WYCFL\^X?I�UcW@I3dKW@U{�
I:X[U%X?IKZ@� UH]-TVU)T�dKUHWYZ@W@U{��BHC#|KBHC#LDC#I�U T UcWYX[IiC���WYL�UcLA#[�:dKU%Uc]:TVU)TtJFX?I�UcWYImd:X[d:L)BDC#|:BDC#LDC#I�U T �
UcW@X?IiCy�KW@LDUHL#> ��]:W@L�BHCFLDUcBDWYJ�UcWYX[I WYL d:LDd-T[Z@Z@�NJ#X?I:LDWY�:CFBHCF��dKI:J#X?I�UHBHX��?CFBHLHWYT[Z-WYI C#~�|:WYBDWYJ�TVZ
LHJFWYCFI:J#CMEGX?BtUH]:C LDWY~�|:ZYCMT[IK� J#X[~�| C#Z@ZYWYI1��BDC�T[LDX?I UH]-TVU�T[I���	8�=� � " LHC�U X[E�X?�KLHC#B��?CF�
J ]:X?W@J#CFL Uc]-TVU WYL JFX?I:LHW@LDUHC#I�U�§¡W@UH]2#�£ StA�W@L�T[Z@LHX J#X[I:LHW@LDUcCFI�U�§¡W@Uc] JFX?I�UcW@I3dKW@U{�?> ��]-TVU
WYLA#�W@E�UH]:C��-TVU T�UcT�)[C UH]:C EGX?BH~�X[E X?�:LHCFBD�VTVUHWYX?I:L XVE^J ]:X[WYJ#CFLO#�Uc]KC#I J#X?I�UHWYImd:W@U{� J�T[I
� C J#X?I�UcBHT[�:W@JFUcCF�
X[I:Z@���m��TVI � � 	8�=� � " �-T U T�LHCFU#>

� /	�=367G3�2436587$9 g 6 "}w � " ( 6 ( 4 £ |KBHCFEGCFBHCFI:J#CMBHCFZ�TVUHWYX?I
%
X[I

X
W@L�J#X?I�UcW@Imd:X?d:L

W@E+EGX?B¡TVIm�lLHC �md:CFI:J#C
{(xn, yn)}∞n=1

§¡W Uc]
xn → x

#
yn → y

#-T[I:�
xn % yn ∀n

#
§ CM]:T��[CMUH]-TVU

x % y
>

\^X?I�UcW@Imd:W@U{�
LcT��3L Uc]-TVU UH]:C J#X[I:LHd:~�C#B !�L |KBHCFEGCFBHCFI:J#CFLNJ#T[I:I:X[UOCy��]:WY�:W U �Dd:~�|:L#>N¤-X?B
C��KT[~�|:Z@C�#%T[I W@I:�:W ��W@�:d-T[Z)§¡W@Uc]�T
JFX?I�UcW@I3dKX?d:LM|:BHC�EGC#BHCFI:J#C�BHC#ZYTVUcW@X?I�J�TVI:I:X[UN|:BHC�EGC#B
C�TVJ ] CFZYC#~�C#I�U W@I©LHC �md:CFI:J#C

{xn}
UHX UH]:C J#X?BDBHCFLH| X?I:�:W@I�� C#ZYCF~�CFI�U1WYI LHC �md:C#I:JFC

{yn}
�:dKUtUc]KC#I LDd:�:�:CFI:Z@��BDCF�?CFBHLDC ]:CFB�|:BDCFEGCFBHC#IKJ#C#L TVU¡Uc]:CMZYW@~�W UcWYI1� | X?WYI�UcL¡X[E)Uc]:C

LHC �md:C#I:JFC#LA#
x
T[I:�

y
>

£�I C �md:W@�VT[Z@C#I�U��:C �:I:W@UHWYX?IiXVE}JFX?I�UcW@I3dKW@U{�iW@L Uc]KC/EGX?ZYZ@Xp§¡W@I�� �
∀ x

#?Uc]KC�d:|:| C#B�J#X[ImUHX?d:B
LHC�U

{y ∈ X | y % x}
T[I:��UH]:C�ZYX�§^CFBOJ#X?I�UcX[d:BNLDCFU

{y ∈ X | x % y}
T[BDC�� X[Uc]

J#Z@X?LHCF� �:Uc]:TVU¡WYLA#KUc]:C��1WYIKJ#ZYdK�:C Uc]:CFWYB�� X?d:I:�:T[BHW@C#L#>
¤-X?B�T[IkC��KT[~�|:Z@C
X[EO|KBHCFEGCFBHCFI:J#CFLlUc]-TVU�T[BDC I:X[U�J#X?I�UHWYImd:X?d:LA#�§^C J#T[I©T��?T[WYI�d:LHC
Uc]KC�Z@C���WYJFX��?BcTV|:]:WYJ�|:BDCFEGCFBHC#IKJ#C#L �:C#LDJ#BHW@�}CF� X?I�|-T��?C�=p��> \^X[I:LHW@�:C#BOUc]:C�LHC �3dKC#I:JFC
X[E¡�:dKI:�:ZYCFL

xn = ( 1
n
, 0)

T[IK�
yn = (0, 1)

>�¤-X?B C��?C#B��
n
#
xn % yn > #�X�§ CF�[C#BO#

lim yn = (0, 1) % (0, 0) = lim xn >
\^X?I�UcW@Imd:W@U{��X[EiT BHTVUcW@X?I-T[Z�|:BHC�EGC#BDC#I:JFC�BDC#Z�T UcWYX[I �?d-T[BHT[I�UcCFC#L1Uc]:C Cy�KW@LDUHC#I:JFC�XVEiT
J#X[ImUHWYImd:X?dKLtd�UcWYZ@W@U{��EGd:I:J�UcW@X?I BHC#|KBHC#LDC#I�U T UcWYX[I1# T[L�LDUcTVUcCF� WYI A�BDX?|}X[LHW@UHWYX?I1`K>
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��� 5 � 580 3�2436587�� ��� ' X ⊂ R
n � �  =" � ��� � � ��� %�� " � "�� ������� �*� ����� "��

��� +L� ���=��� � 
 � 
 �G%�� "(')" � " � �!" � " � ��� ����� �
���

X � ��� (*" � " %�� " � " �=� "�+�( �
� � ���=��� � 
 � 
 � 
 � � � � � � '�
 � � � ����� u : X → R

�

� � 5 5 � 9 ��C^|:BDXp�[C/Uc]:W@L)EGX?B%Uc]:C^J�T[LDC/X[E T�L�UcBHW@JFUHZ@�O~�X?I:X[UHX?I:C^|KBHCFEGCFBHCFI:J#C�BDC#Z�T UcWYX[I
%
#¡T[I:�

X = R
n
+

> P ��X[UHC�� £ |:BHC�EGC#BDC#I:JFC BHCFZ�TVUHWYX?I
%
WYL�LDUHBHW@JFUcZ �_~�X?I:X[UHX?I:C W@E

x >> y
WY~�|:ZYW@C#L^UH]-TVU

x � y
#-Uc]:TVUtWYLO#¦W E Uc]KCNJFX?I:LHdK~�CFB�T[Z §/T��3L�|KBHCFEGCFBHL�T��:dKI:�:ZYC

Uc]-T Ui|:BDXp�3W@�:C#L ~�X?BHC�X[E¡C��?C#B�� �?X3X���> R ��]KWYL Cy�3UcBcT BDC#L�UcBHW@JFUHWYX?I_TVZYZYX�§¡LNT LHW@~�|KZYC�#
J#X?IKLDUcBDd:JFUHW@�[CN|:BDX�XVE�>
��CFU

e = (1, ..., 1)
�KC#I:X[UHC X?IKC �:d:IK�:ZYCNWYI

x
#�T[IK� J#X?IKLHWY�KC#B�CFZYCF~�CFImUHL�XVE

R
n
+

X[E�UH]:C
EGX?BH~

αe = (α, ..., α)
§¡]:CFBHC

α ≥ 0
> ��C�J#ZYT[WY~¥Uc]:TVU EGX?B�T[I��

x ∈ R
n
+

#�UH]:C#BDC�C���WYL�UcL
T 
 �=��� 
 " �VT[ZYdKC α(x) ∈ [0,∞)

LHd:J ] UH]-TVU
α(x) ∼ x

>t��CN§¡W@ZYZ Uc]KC#I JFX?I:LDUHBHd:J�U
u��� ZYCFUDUcW@I��

u(x) = α(x)
>

�)X�|:BDXp�[CMUH]:C J#ZYT[WY~.#KZ@CFU
x ∈ R

n
+

� C �?W@�[C#I > \^X?I:LDWY�:CFB/Uc]:C U{§ X�LDCFUcL

A+ = {α ∈ R+ : αe % x} ,

A− = {α ∈ R+ : x % αe} .

�^X[UH]�LHC�UcL�T[BHC�I:X?I��rC#~�|KU{�?>��)X�LHC#C�§¡]�� #�I:X[UHC�UH]-TVU
x % 0

���8~�X[I:X[UcX[I:WYJFW@U{� #
LHX

A− W@I I:X[I��{CF~�|KU{��# TVI:� W E^§ C�J ]:X3X?LHC
α(x)

LDd:J ] UH]-TVU
α(x)e � x

#)Uc]KC#I ���
~�X[I:X[UcX[I:WYJFW@U{�

αe % x
T[I:�

α ∈ A+ >4� � UH]:C�JFX?I�UcWYImd:W U{� X[E�|:BDCFEGCFBHC#IKJ#C#LA#��}XVUc]
LHC�UcLOT[BDCiT[Z@LHXlJFZYX?LDC#�1#�T[I:� UH]:C#W@B�d:I:W@X?I W@L

R+
#�LDX

A+ ∩ A− WYL�I:X[U CF~�|�U{�?> £�ZYLHXQ#
EGX?B¡T[I��

α′ > α
#:~�X?I:X[UHX?I:W@J#W@U{��WY~�|:Z@WYC#L Uc]-T U

α′e � αe
#-LHX

A+ ∩ A− J#X[ImUcT[WYIKL¡TVU
~�X[LDU¡X?I:COCFZYC#~�C#I�U ��J�T[Z@Z W@U

α(x)
>

��X�§�EGX?B C��?CFBD�
x ∈ R

n
+

#�§ C�LD|}CFJ#W E'� Uc]:C�dKUHWYZYW U{� ���
u(x) = α(x)

>���C�I:C#CF��UcX
LH]:X�§¥Uc]:TVU�UH]:WYLtdKUHWYZYW U{��EGd:IKJFUcW@X?I P = R�BHC#|KBHC#LDC#I�UcL UH]:C |KBHCFEGCFBHCFI:J#CiBDC#ZYTVUcW@X?I

%
#�T[I:�

P Q ROWYLNJ#X?I�UcW@Imd:X?d:LF> ¤¦X[BNUc]KClBHCF|:BHCFLHC#I�UcTVUcW@X?I_|-T[B�U)# LDd:|:| X?LHClUH]-TVU
α(x) ≥ α(y)

>
��LDWYI�� ~�X?I:X[UHX?I:WYJFW@U{��#

x ∼ α(x)e % α(y)e ∼ y
#�LHX

x % y
>¨\^X?I��?C#BDLHCFZ@� W@E

x % y
#�Uc]:CFI�����JFX?I:L�UcBHdKJFUcW@X?I

α(x)e ∼ x % y ∼ α(y)e
#�T[I:������~�X?I:X[UHX?I:WYJFW@U{�

 s



\ #�£�A �¡� S¥PK> ����z���z ���

α(x) ≥ α(y)
> \^X[ImUHWYImd:W U{� W@L�~�X?BHCNLHd:�KUHZYC T[I:� § CiX?~�W@U�W@U P LHCFC���� � # b�C#J�UcW@X?I

PK>a\ W E%�[X?d ! BHCMWYI�UcCFBHCFLDUcCF�
W@I�T�|KBHX3X[E!Ry>
�

� ��� � "��

z{I�Ucd:W UcW �?C#Z � #KUH]:COJ#X?IKLDUcBDd:JFUHWYX?I�WYI1UH]:CO|:BHX3X[E)LH| C#J#W �-C#L¡Uc]KCMd�UcWYZ@W@U{��X[E�TVIm�lJ ]:X?WYJFC
x��� �-I:�:W@I���Uc]KC^| X?WYI�U TVU)§¡]KWYJ ]iW UcL%WYI:�:W ��CFBHCFI:J#C LHd:B�E5T[J#C/JFBHX?LDLHCFL Uc]:C `m� ◦ Z@WYI:CV> ��]:WYL

LH| C#JFW �-J#TVUcW@X?I W@LO#VX[E-J#X[d:BHLDC�#?JFX?~�|KZYCFUHC#Z �MT[BH�:W UcBHT[BD�[>)zrU)WYL)LHWY~�|:Z �OT�~�TVUc]KC#~�TVUcW@J�T[Z@Z@�
J#X[Im�[C#I:W@C#I�Ut§/T��1UcX�BDC#|:BDC#LHCFI�U�LDX?~�CFX?I:C !�Lt|:BHC�EGC#BDC#I:JFC#L#>

������� � � ����� �������������[����� ��� �������	� ����

��� ����� �������

��]:C�I:Cy�3U)BDC#L�UcBHW@JFUHWYX?I:L�C��KT[~�WYI:CF� �}CFZYX�§ TVBHC ����� ���6���=� � � � �tT[I:� � � � ��� � ����� �O���������������=#
§¡]:W@J ] T[BDC�d:LDC#� Cy�3UcC#IKLHW@�[C#Z ��W@I A)T[BDUNzHz >lStX?d1�?]:Z@� |:dKU)#+Uc]KC#LHC�WY~�|:Z@�
Uc]-T U JFX?I��
LHdK~�CFBHL�§¡W@ZYZ%|:BHC�EGC#B UcX1LD|}CFI:��T[ZYZ%X[E�UH]:C#W@B�§^C#T[Z@UH]�X?B W@I:J#X?~�C X[I�LHX?~�CFUH]:WYI��Q#�� C��
J�TVd:LHC ~�X[BHC�WYL+T[Z §/T��3L)TVU%ZYC�TVLDU)T[L �?X3X��MT[L%ZYCFLHL%T[I:�NJ#X?I:LDd:~�C#BHL)T[BDC IKCF�?CFB LHTVUcWYTVUcCF� >
��]:W@LtJFX?I:JFZYd:LDWYX?I�T[� X?dKU¡JFX?I:LHdK~�CFBtLD|}CFI:�:W@I���§¡W@ZYZ � CMT d:LHC�EGd:Z+WYI�UcCFBH~�C#�:WYTVUcC L�UcC#|
EGX?B�~�T�)mWYI�� W@IKEGC#BDC#I:JFC#L�EGBHX[~ J#X?IKLHd:~�C#B !�L¡X?�:LDC#B��?C#� J ]:X?WYJFC#LF>
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%
X?I

X
WYL�
X?IKX[UcX?IKWYJ#W U{�

~�X?I:X[UHX?I:C W E)EGX?B¡TVIm�
x, y ∈ X

#
{xi ≥ yi}

n
i=1

WY~�|:ZYW@C#L UH]-TVU
x % y

>

�
X?IKX[UcX?IKWYJ#W U{�iX[E�|:BHC�EGC#BDC#I:JFC#L^~�T�)VC#L LHC#IKLHC�W E
X
BHCF|:BHCFLHCFImUHL^�:dKI:�:ZYCFL XVE �?X3X��KLO#�LHX

Uc]:TVU W E
x = (x1, .., xn)

#}Uc]KC#I
xk

W@L�UH]:CiT[~�X?d:I�U�X[E��?X3X��
k
> zrE �{~�X?BDCNXVE T �?X3X��

WYL��[X�X3�1# ��UH]:C#I�|:BHC�EGC#BDC#I:JFC#L�§¡W@ZYZ}�}CO~�X?I:X[UHX?I:C[>

� /	�=367G3�2436587$9 � 6 2?*-,�� 6 " � , *Kw � *Kw �56 " £�|:BDCFEGCFBHC#IKJ#C BDC#ZYTVUcW@X?I
%
X?I �¥WYL��X�J#T[Z��tX?I��

bKTVUHW�TVUHWYX?I ZYX3J�TVZYZ@��I:X[I��{LHTVUcWYTVUcCF�1W@E%EGX?B¡T[I��
y ∈ X

#-T[I:�
ε > 0

#
∃ x ∈ X ∩ Bε (y)

LHd:J ]�Uc]-T U
x � y

>

f��
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zrE%T[I1T��[C#I�U ! L^|:BDCFEGCFBHC#IKJ#C#L¡TVBHC�Z@X�J#T[ZYZ �iI:X[I��{LHTVUcWYTVUcCF�1#�Uc]:W@L^~�C�T[I:L Uc]-T U UH]:C#BDC WYL I:X
�:d:I:�KZYC1WYI

X
UH]-TVU W@L ��W@�:C�TVZ ��X?BiC��?CFI�Z@X�J#T[ZYZ � WY�:C#T[Z > ��]:CFBHC WYLiT[Z@§^T���L�T LDZYW �?]�U

J ]-T[I��[C�Uc]-T U^§ X?d:ZY��ZYC�T��[C�Uc]:C T��?C#I�U^�}C�UHUcCFB^X[�)>���XVUcWYJFC�UH]-TVU ZYX3J�T[Z¦I:X?I3�{LcT UcW�T UcWYX[I
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U TVWYI:~�C#I�UiLD|}CFI:�:W@I�� J#X?d:Z@�_TV�}C#J�U Uc]:C1J ]:X[WYJ#C��}C�U{§^CFC#I8]:X?~�Cl~�C#T[ZYL
T[I:� BHC#L�U T[dKBcT[I�Ui~�C�TVZYLO#%CF�[C#I_W E/Uc]:C�X��?C#BHT[ZYZ�Z@CF�?CFZ XVE�EGX�X3��LD|}CFI:�:W@I��

f��
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�:X3C#LDI ! U�T ��CFJFU¡Uc]:COJ ]:X[WYJ#C � CFU{§ C#CFI ~�Xp�3W@C#L¡T[I:��J#X[I:J#CFBDUcLF>

��XVUcWYJFC�#3UcX3X #�UH]-TVU¡LHCF|-T[BHT[�:WYZ@W@U{��J�TVI�� C Z�T��[C#BHCF� WYIl�VT[BHW@X?d:L^§^T��3L#> £�dKUcW@ZYW@U{��EGd:IKJ��
UcW@X?I ~�W �?]�UO]-T��?C�Uc]:C�EGX?BH~

u(x, y) = U(vx(x), vy(y))
#�§¡]:W@J ] �?W �?C#LOL���~�~�CFUcBDWYJ

LHCF|-T[BHT[�:WYZ@W@U{�[>�£�I:X[Uc]KC#B | X?LHLDWY�:W@ZYW U{�1WYLtUc]-TVU
u(x, y, z) = U(V (v(x), y), z)

# §¡]KC#BHC
V
T[I:�

v
T[BHC�BHC#T[Z � �[TVZYd:CF� EGdKI:JFUHWYX?I:LMT[IK�

V
TVI:�

U
T[BDC�C#T[J ] W@I:J#BDC�T[LDWYI���WYI Uc]:C

�-BDLDU¡T[B �?d:~�C#I�U�> ��]KWYL/§ X?d:ZY�1W@~�|KZ@��� X[Uc]lUH]-TVU/UH]:C J ]:X?W@J#C X[E
x
�:X3C#L/I:XVU��:C#| C#IK�

X?I
(y, z)

>aTVI:��UH]-TVU�Uc]:C�J ]:X?W@J#C�X[E
(x, y)

�KX�CFL�I:X[U��:CF|}CFI:�kX?I
z
> ��]:W@L�~�W(�[]mU

BHCF|:BHCFLHCFImUNUc]:C�|:BDCFEGCFBHC#IKJ#C#L X[E�T1J#X[I:LHd:~�C#BO§¡]:X
BHC �?T[BH�:LOBDC#LDUcT[d:BHT[I�U ~�C�T[Z@L
y
T[L

WYI�UH]:C�C#I�UcCFBDU TVWYI:~�C#I�UOJ�T UcC �[X?BD��#%LDC#|-TVBcT[�:Z@C EGBHX?~�I:X?I��rC#I�UcCFBDU TVWYI:~�C#I�UM�:C#JFWYLDWYX?I:LA#
T[I:��T[Z@LHX�BHC ��T[BD�:L�Uc]:COJ ]:X?W@J#C

x
�}C�U{§^CFC#I�TVUDUcCFI:�:WYI1��~�X��3WYC#L�X[B�J#X?I:JFC#B�UcL�T[L�WYI:�KC��

| C#I:�:CFI�U�X[E%Uc]KC �md-TVImUHW@U{�1XVE BDC#LDUcT[d:BHT[I�U�~�C�TVZYL#>
��CN]-T��[C
�Dd:L�U�LDJ#BHTVUcJ ]:CF� Uc]:CMLHdKBDE5T[JFCNX[E LHCF|-T[BcTV�:WYZ@W@U{�?> ¤-X?B¡C��KT[~�|:ZYCH#-C#JFX?I:X?~�WYL�UcL
LHX[~�C�UcWY~�C#L%§¡WYLD]�UHX J#BDC�TVUHC�T %��;� �!" � � + " � EGX?B CFImUHC#B�U T[W@I:~�CFI�U��?X�X3�:L UH]-TVU��KC#| C#I:�:L
X?I:Z �OX?I UH]:C^|:BDWYJFC#L X[EKUc]:X?LDC �?X3X��KL#> b�d:J ]�T[IiW@I:�:Cy� W@L)dKLHCFEGdKZKW@E # UcX��[CFUc]KC#B)§¡W Uc]MUc]:C
X[UH]:C#B/|KBHWYJFC#L¡T[IK�lUc]:C JFX?I:LHdK~�CFB ! L�WYI:JFX?~�CH#KW U/�:C�UcC#BD~�W@I:C#L/UH]:C�UHX[U T[Z}LH| C#I:�KWYI���X?I
C#I�UHC#BDUcT[WYIK~�CFImU �?X3X��KL TVI:��Uc]KC�JFX?I:LHdK~�CFB ! L § C#Z@E5TVBHC[> ��]KC �md:C#L�UcW@X?I�X[E�§¡]:CFUH]:C#B/W U
WYL�| X?LHLDWY�:Z@C�UcXMJ#BHC#TVUcC�TM|KBHWYJFC�W@I:�:Cy� EGX?B TMJ#TVUcC �?X?BD��XVE �?X3X��KLO#mWYI:�KC#| C#I:�:CFI�U/X[E}Uc]:C
|:BDWYJ#CFLOX[E^XVUc]:CFB �[X�X3�:LO#+W@L ZYX��?W@J�T[Z@Z@� �:W@LDUHWYI:J�U EGBHX?~ UH]:C �md:C#L�UcWYX[I LDUHd:�:W@C#��T[�}X��[C[>
��]:CMWYI:�KC���LHX[d��?]�U�]KC#BHCMWYL�dKLHC#�
UcX�J ]-T[BcTVJFUcCFBHW '#CM]:X�§�~id:J ]
WYL��6% " �=� � � �6������� ���
" �=� " �*����� � � " �=� 
 � � + �N§¡]KC#BHC#T[L TV�}X��?CO§ CiT[L )[C#� T[�}X[dKUt]:X�§¥T[I��1UcX[UcT[Z�LH| C#IK�:WYI��
§ X?d:ZY� � CMT[ZYZ@X�J#TVUcCF� � ����� 
L" �=� " �*����� � � " �=� 
 � � + � �

������� � � ��� � ������
����N��� ���

¤ W@I-T[ZYZ � #�~idKJ ]�J#dKBHBHCFI�UlBHCFLHC#T[BHJ ]©TV�}X?d�U�X[B ��T[IKW('�T UcWYX[I:L�T[I:� UcBHT[I:LcTVJFUcW@X?I:L�J#X?L�UcL� C#T[Z@UH]
� ��CFJFUcL BHCFZYW@C#L�X?I�Uc]:CtWY�KC�T Uc]-T U UH]:C#BDC�TVBHC$� � � " ��� �  " � "!� � ��>���]:WYL�~�C�T[I:L�UH]-TVU J#X?IKLHd:~�C#B

J ]:X?W@J#CFL T[� X?dKUi]KXp§�~id:J ] UHX �:dK��X[EtJ#CFBDUcT[WYI �[X�X3�:LiTVBHC�dKI-TV�}C#JFUHC#� ��� § C�T[Z Uc]
UcBHT[I:L�EGC#BHL P TVUOZYC#T[LDU�§¡W@Uc]KWYI�J#CFBDUcT[WYI�BHT[I��?CFL!R*#+LDX�C���J#WYCFI�U TVZYZYX3J�T UcWYX[I:L¡J�T[I � C��KC��
UcCFBH~�WYI:CF�
§¡W Uc]:X?d�U
)mI:X�§¡WYI1�l]:X�§�§^C#T[Z@UH] WYLt�:W@LDUcBDWY�:d�UcC#��> ��]KWYL�W@L�T��?CFBD� LD|}CFJ#WYT[Z

f��
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LHW Ucd-TVUHWYX?I #�T[I:��Uc]:C¡TVLHLHX3J#WYTVUcCF� �md:CFLDUHWYX?I�WYL UH]:C�d:LHd:T[Z¦X?I:C��%§¡]-TVU�~idKLDU�Uc]:C¡dKUHWYZ@W@U{�
EGd:I:J�UcWYX[I�Z@X�X�)�Z@W()[C EGX[B/Uc]:W@L�I:XV�r§ C�TVZ@Uc]3�{CF�}C#J�UcL¡|:BDX?|}CFBDU{�lUHX�� C LcT UcWYL �-C#� <
��CFU�d:L�LHd:|K|}X?LDC�UH]-TVU

X = R+ × Y
# §¡]KWYJ ] §^C WYI�UHC#BH|KBHCFU�UHX�~�C�TVI:LiUc]-T U�UH]:C

J ]:X?W@J#C�LD|-T[JFC J#X?IKLHWYL�UcL X[E+T �md-TVImUHW@U{��X[E�LDX?~�CtX?I:C��?X3X���T[I:�lLDX?~�C�X[UH]:C#B J ]:X?W@J#C#LF>

��� 5 � 580 3�2436587�� 9�� 
 % %=� � " �  =" %�� "(')" � " � �!" � " � ��������� %
���

X = R+ × Y
� � � ��� %�� " � " ��� + � � ��� �*� ����� " ��� + �  ��� �  =" � " " � � �*� �

ȳ ∈ Y
� 
=�! �  ��� ∀ y ∈ Y � (0, y) % ( ¯0, y) � � '

=?>���� � � +�� � �	�=��� 
 � ( � "�
 (a, ȳ) % (a′, ȳ)
� �

a ≥ a′ �

Q�>���� ��� % " � �O��������� � � 	 � � �*� ( � "�
 ' ��� " � " ��� y ∈ Y � �  =" � " " � � �*��� � t ≥ 0
� 
=�! �  ��� (0, y) ∼ (t, ȳ) �

PK>���
 ��� " ��� �  � � "!� � � 
 � ' (a, y) % (a′, y′)
�  =" � ∀ t ∈ R

�
(a + t, y) % (a′ + t, y) �

�1 =" � ∃ v : Y → R
� 
 �! �  ��� (a, y) % (a′, y′)

� �
a + v(y) ≥ a′ + v(y′) � � ��� � " �
� " �&� � � ' �  =" %�� "(')" � " � �!" � " � ��������� %

���
X = R × Y

� � � " %�� " � " �=� "�+�( � u(a, y) = a + v(y) � �  =" � � � �O��� � � 	 " ��  =" �  � "!" %�� "!�!"�+ � � 
 � ��� + � ������� � �

� � 5 5 ��
 � ��Uc]KC LHCFJ#X?I:��J#X[I:�:W@UHWYX?I #m§ CO~�T����:C �-I:CMTNEGd:I:J�UcW@X?I
v(y)

LDXiUc]-TVU^EGX?B
C�T[J ]

y ∈ Y
#
(0, y) v (v(y), y)

>�� ��Uc]KC Uc]:W@BH� J#X[I:�:W@UHWYX?I ##EGX?B+T[I��
(a, y), (a′, y′) ∈

R×Y
#
(a, y) v (a+ v(y), y)

T[I:�
(a′, y′) v (a′ + v(y′), y)

>�b�XN�m��UHBcT[I:LDW@UHW@�3W@U{��#
(a, y) % (a′, y′)

W@E�TVI:��X?IKZ@� W E
(a+ v(y), y) % (a′ + v(y′), y)

>�� � Uc]:C �-BHL�U^JFX?I��
�:W@UHWYX?I #[Uc]-T U�WYL�C �md:W �[TVZYC#I�U�UHX

a+v(y) ≥ a′ +v(y′)
> #�CFI:J#CH#3UH]:C�Uc]:BDC#C¡J#X[I:�:W@UHWYX?IKL

WY~�|:Z@��Uc]:TVU
(a, y) % (a′, y′)

W@E)T[IK�
X?IKZ@�lW E
a + v(y) ≥ a′ + v(y′)

>
zrUOWYL BDX?dKUcW@I:C UHX �[C#BDW@E'� UH]:C J#X?I��[C#BHLDC�#)I-T[~�C#Z@��#�Uc]:TVU Uc]:C�BDC#|:BDC#LHCFI�U TVUHWYX?I WY~�|:Z@WYC#L
Uc]:C UH]:BHCFCMJFX?I:�:W UcW@X?I:L#>

�

� ��� � "��

f �
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��]:C �-BHL�UlJ#X[I:�:W@UHWYX?I8X[E�Uc]:C
|:BHX?| X?LDW@UcW@X?I WY~�|:ZYW@C#LiUH]:C Z@X�J#T[Z�I:X?I��rLcTVUHW�TVUHWYX?I JFX?I��
�:W UcWYX[I > ��]:C�LDC#JFX?I:� JFX?I:�:W UcW@X?I C#I:LDd:BHCFLNUc]:TVU �?X�X3� X?I:C�WYL LDd ��J#WYCFI�UcZ@���VT[Z@d-T[�:Z@C
Uc]:TVUtLHX?~�C TV~�X?dKImUtX[E W@U¡§¡WYZ@Z�J#X?~�| C#I:LHTVUcCOEGX?BtT[I�� J ]-T[I��[C WYI

y
> ��]:CNJ#X?IK�:W@UHWYX?I

WYL�~�X?LDU BDC�T[LDX?I-T[�:Z@C�EGX?B T[|:|:Z@WYJ�T UcWYX[I:L WYI�§¡]:W@J ]lT[Z@Z:Uc]:C¡BHCFZYC��[TVImU �?X3X��KL TVBHC�UcBHT[�:C#�
WYI�~�T[B )VCFUcLF> zrU WYL�J#CFBDU TVWYI:Z �i| X?LHLDWY�:Z@C¡UHXNW@~�T �?WYI:C^J ]:X?WYJFC�|KBHX?�:Z@C#~�L�WYI�§¡]:WYJ ]�J#X?~ �
| C#I:LHTVUcW@X?IkX[EOUc]KWYLlLDX?BDU1W@LlI:X[Ul|}X?LDLHW@�:ZYCV> £ |}CFBHLHX[I !�L1J ]KX?WYJFC#L1~�W(�?]�UlBDC �-CFJFU�T
J#X[Im�3W@JFUcW@X?I UH]-TVU�UH]:C#BDCiWYL�I:Xl§^T��
EGX?B�J#T[LH]�X[B�~�T[B )VCFU UHBcT[I:LHT[JFUHWYX?IKL�UcX�J#X?~�|}CFI��
LcT UcC�EGdKZYZ@� EGX?BN| X3X?BO]:C�T[Z Uc]�X?BMEGX[BMUH]:C�Z@X?LHLNX[E�X?I:C !�LNJ ]:WYZ@�1#%X?BNEGX?BNT[I�WYI:JFBHC�TVLHC#�
ZYW )[CFZYWY]KX�X3��X[E �?X?W@I��iUcX�]:C#T��?C#I�>
��]:C UH]:WYBD� J#X[I:�:W@UHWYX?I�WYL�T�LHdK�KUcZ@CiX?I:CH#�J#X[~i�:WYIKWYI���C#Z@C#~�C#I�UcL XVE�LHC#|:T[BcT[�KWYZYW U{� T[I:�
EGBcTV~�W@I��:> zrU)T[LDLHC#B�UcL+LHCF|-T[BHT[�:WYZ@W@U{��#�� C#J�TVd:LHC�W@U�T[LHLDC#BDUHL�Uc]-TVU�UH]:C�J ]:X?W@J#C�� CFU{§ C#C#IMU{§^X
T[Z UcC#BDI-TVUHW@�?CFLO�:X�CFLNIKX[U �KC#| C#I:� X[I�Uc]KC�JFX?I:LHdK~�CFB ! L WYIKW@UcWYT[Z CFI:�:X�§¡~�C#I�UiX[E �?X�X3�
=?> z{I T[�K�:W@UHWYX?I1# � C#J�TVd:LHC Uc]KCiX?� �DCFJFUcL XVE J ]KX?WYJFC T[BHC X?dKUcJFX?~�C#L T[IK� UcBcTVI:LDEGCFBHLO#�W U
T[Z@ZYX�§¡L Uc]:C�J ]:X?WYJFC�UHX � C ' � � � "�+ W@I�UHC#BH~�LMX[E �! ��� 
 " ��WYI �?X3X��8= # BHTVUc]KC#BNUH]-T[I
Uc]KCMZ@CF�[C#Z�X[E)J#X?IKLHd:~�|KUcW@X?I X[E �?X�X3��=?>
��]:C¡EGX?BH~

a+v(y)
W@L J#T[ZYZ@C#� Uc]KC � 
 � �*� �6� � � " ���)EGX[BH~ T[IK��WYL�dKLHd-T[Z@Z@� dKLHC#��§¡W@UH]�UH]:C

�?X3X��_=�WYI�UHC#BH|KBHCFUHC#� T[L �F~�X[I:CF� �iX?B Uc]:CL� 
 � " � ��� � " �[X�X3� >�A TVBDUcW@J#d:ZYT[BHZ � W@I�Uc]:C
Uc]KC#X?B�� X[E�UH]:C �-BD~ #�T�|:BHX��KUD�{~�T ��WY~�W('FWYI�� �-BD~�W@L X[E'UHC#I T[LDLHd:~�C#��UcX�J#X?I��?CFBDUNT[Z@Z
X?dKUHJ#X?~�C#L^X[E)T[I��lLHX[BDU¡WYI�UHX Ti~�X[I:CF��C �md:W@�VT[Z@C#I�U/UH]-TVU�W U�T[�:�KL/UcX W@UHL/J�TVLH] |:BHX
�:UcL
T[L¡T�J#BDW@UcCFBHW@X?IlUcX�CF�VT[Z@d-TVUHC J#X?~�|:ZYCy�1X?d�UcJ#X[~�CFL#>

�:? � � ��E�� � C � ���AK �ON � �@F ��� ��� �@I�� � �������AKME

��]:CiJFC#I�UcBHT[Z | X?LDW@UcW@X?I XVE�Uc]:CNBcTVUHWYX?I-TVZ%J ]KX?WYJFCi~�X3�:CFZ)W@I C#JFX?I:X?~�WYJ T[I-T[Z �3LHWYLt�:X3C#L
I:X[U ~�C#T[I�UH]-TVU W@UNWYL � CF�[X?I:�_J ]-TVZYZYCFI��?CV> � I Uc]KC�J#X[ImUHBcT[B�� #�W UcLO�?C#B�� JFC#I�UcBHT[ZYW U{�
~�C�T[I:L�UH]-TVUtW@U¡W@L�WY~�|}X?B�U T[I�U�EGX?B�CFJ#X?IKX?~�W@LDUHL¡UHX�� CMT�§/T[BDCNXVE W@UHL�BHX?Z@COT[I:�
ZYWY~�W@UHL#>
��]:CFBHCMWYLtT�Z@X?I�� UcBHT[�:W@UHWYX?I1XVE BHCFLHC#T[BHJ ] ~�T[BDLH]-T[Z@WYI�� Cy��|}CFBHWY~�C#I�UcT[Z%T[I:��C#~�|:WYBDWYJ�TVZ
CF�3W@�:C#I:JFC�UH]-TVUMWYLOW@I�JFX?I �-W@JFUO§¡W@UH]�UH]:C�~�X?L�UO�-T[LDWYJ�BcTVUHWYX?I:T[Z J ]:X?W@J#C�~�X��:CFZ >�S¡C��
J#CFI�UcZ@��#KUc]KC#BHC W@L�T �?BDXp§¡W@I�� ~�Xp�[C#~�C#I�U/UH]-TVU �md:C#L�UcW@X?I:L/Uc]KC ~�X3�:C#Z !�L^T[LHLDd:~�|KUcW@X?I:L
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I:C#dKBHX?LDJ#WYCFI:J#CMWYI�UHX�CFJ#X?IKX?~�W@JOT[I-T[Z �3LHWYLF>
� ]-TVU+�:X3C#L+W U�~�C#T[I EGX?B�|:BDCFEGCFBHC#IKJ#C#L+UcX¡� C Uc]:C ' � 
 � + ��������� EGX?B�UH]:WYL�BHTVUcW@X?I-T[ZVJ ]:X?WYJFC A�BHC�EGC#BHCFI:J#C

¤-X?d:I:�:TVUcW@X?IT[|:|:BDX�T[J ] UHX C#JFX?I:X?~�WYJ ~�X��:CFZYW@I�� < b�dK|:|}X[LHC^EGX?B)C��KT[~�|:ZYC�§ C^§/TVImUHC#� UcX�J#X?~�|-T[BDC
Uc]:CtBHCFZ�TVUHW@�[Ct~�C#BDW@UHL XVE J�TV|:W@UcT[ZYW@LH~ T[I:��LDX�JFW�T[Z@WYLD~
> ��]:C�BcTVUHWYX?I-TVZ:J ]:X?W@J#C�T[|:|:BDX�T[J ]
§^X[d:ZY�NLDU TVBDU%���NLD|}CFJ#W E'��W@I���Uc]:C BHCFZYC��[TVImU)|:BDCFEGC#BDC#I:JFC#L P EGX?B�C��KT[~�|:Z@C�# CF�?CFBD�[X?I:C/Z@W()[CFL
UcXlJFX?I:LDd:~�CN~�X[BHC�# LHX[~�CN|}CFX?|:ZYCN~�W �?]�UtI:X[U Z@W()VCNW@I:C �md-T[Z@W@U{��#�T[IK� LHXlX[I R*#}~�X3�:C#Z
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p · x ≤ w
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x ∈ R
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+ | p · x ≤ w
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nNo 6 6 q � ¤-X?B
λ > 0

#
B(λp, λw) = {x ∈ R

n
+|λp · x ≤ λw} = {x ∈ R

n
+|p · x ≤

w} = B(p, w)
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nMo 6�6 q�� zrE
{pi > 0}n

i=1

# Uc]:CFI
B(p, w)

WYLOTlJ#Z@X?LHCF��T[I:� �}X[d:I:�:CF��LDd:�:LHC�UMX[E
R

n
+

>
#�CFI:J#CH#¦�m��Uc]:C #�CFWYI:Cy� �^X[BHC#Z}Uc]:CFX?BHCF~ _ #:W U¡WYL�JFX?~�|:T[JFU#>

�

� ��� � "��

� ?
� � � � �������@I ��� � �LE � � ILN � � E&C BDC � ���AE �

��� 5 � 5 0 3 2 36587�� 9 � . � �54 w�03"%2?0 � � ' u
� � � � ���=� � � 
 � 
 � '�
 � � � �����

��� + {pi > 0}n
i=1

#��  =" �L�  ="$� ��� � 
 � " � %��!� ( � " � � � 	 �  � � ��� ��� 
 � ����� �

nMo 6�6 q�� � �8UH]:C ~�T ��WY~ d:~��r~�W@I:WY~ d:~ Uc]:CFX?BHCF~ #¡T�J#X?I�UcW@Imd:X?d:L�EGd:I:JFUHWYX?I�X?I©T
J#X[~�|-TVJFU¡LHC�U�T[J ]:WYC��?CFL�W UcL�~�T ��WY~id:~�>

�

� ��� � "��
� d:C#L�UcW@X?I � ��X3C#L�UH]:C EGd:I:J�UcWYX[I

f(x) = x
X?I1Uc]:C W@ImUHC#B��[TVZ

[0, 1)
TVJ ]:WYC��?COW@UHL/~�Tp�3�

WY~ d:~ <
£�IKLD§ C#B � �tX #KC��?C#I Uc]KX?d��?]�UH]:C#BDCOT[BHC T[I1WYI��:I:W@UHC�Imd:~i� C#B�XVE+|}X?W@I�UcL/TVL/I:C�TVB^UcX1=
T[L�§ C�|:Z@C�T[LDC�#mUc]:CFBHCtWYL�I:XM|}X?W@I�U

x
EGX?B�§¡]:WYJ ]

f(x) = 1
> #tXp§ CF�[C#BA#:W@E Uc]:CtLHC�U § C#BDC

J#X[~�|-TVJFU)#�EGX?B�Cy�:TV~�|:Z@C�Uc]:CtLHC�U
[0, 1]

#�Uc]:CFIlT[I���J#X?I�UHWYImd:X?d:L�EGd:I:J�UcW@X?I�X[I�UH]-TVU LHCFU
T[J ]:W@CF�[C#LtW@UcL�~�T ��WY~ d:~
>
��C J�TVZYZ+Uc]:CiLDX?ZYd�UcWYX[I�UHX�Uc]:C J#X?I:LDd:~�C#B |:BDX?�:Z@C#~.#

x(p, w)
#¦Uc]:C�� ���
�  ��� � ����� + " �� T[BDLH]-TVZYZYWYT[I

��C#~�T[I:� � ��� +�� ��� � ��� � � �*����� + " � ��� + ��� 
 � � ��� % " � �O��� "�+ + " � ��� + � >)z{I �?C#I:CFBcT[Z #
x(p, w)WYL�T�LDCFU)# BcTVUH]:C#B UH]-T[I�T LDWYI��[ZYC1| X?WYI�U�> ��]md:L

x : R
n
+ × R+ ⇒ R

n
+

WYL�T � ���;� " �
�6%=��� + " � �!" >^zrU�~�T[|:L¡|:BHW@J#CFL p ∈ R

n
+

T[I:��§^C#T[Z@UH]
w ∈ R+

W@I�UcXlT � " �¡X[E | X?LDLHWY�KZYC
J#X[I:LHd:~�|KUHWYX?I �:d:IK�:ZYCFL#> � IKCMIKC#C#�KL�~�X?BHCOTVLHLHdK~�|KUHWYX?IKL P §^C !�BDC �[CFUHUHWYI��iUH]:C#BDC R/UcX
C#IKLHd:BDCMUH]-TVU

x(p, w)
W@L�LHW@I��?ZYCy�r�VT[Z@d:C#�1#�LHX Uc]:TVU

x(·, ·)
W@L¡T EGdKI:JFUHWYX?I >

�����
	��
	����
	���������	������
	�����	 �"!#�%$���	&!'���($��)$*!+	��,���
R

n
�-!,.����0/($�.��1�320�3�,�-!4.�����!�	 56$7�85:98��;
�(5<	&5'=

���
�-!>��	 !�;
�3�?��!@!�/8	&.��-$7�A���B���(	C�0	������-.D!�/($�.�	
R

n
=FEG.����0/($�.H�I!�	��?�-!@.�����!�	 5J$7�(5K98��;
�(5<	&5J�3�

$7�ML0�0	������-.N!�/($�.�	�OM�
����	P�
��Q�	�R�	 �S���8$��*$?.��3�T!+	&5C$7�85D9U��;
�(5
	 5C!�	����-!��(�7���
	 .�	 !�!�$������3L0.����0/($�.�� V
;
�
��	 !�!��3�*��!*$0!�;
9(!�	��W�7X

R
n
=
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��� 5 � 580 3�2436587 �89 � % 6 � 6 ;¦03"%0 � w�x � � ���
�  ��� � ����� + " � ��� + � �
 ����� 
 " � " � 
 � � ' + " 
 � "!"���" �!� � ' ���J��� � p � w � ��� + λ > 0 � x(λp, λw) =

x(p, w) �

nNo 6 6 q � b�W@I:J#C�����|:BHX?| X?LDW@UcW@X?Ii= #
B(λp, λw) = B(p, w)

#
x(λp, λw)

T[I:�
x(p, w)

T[BHC
LHX?Z@dKUcW@X?I:L/UHX�UH]:COLcT[~�C |:BDX?�:ZYCF~ #�]:C#IKJ#COUc]:C�� ~id:LDU¡� COC �md-T[Z >

�

� ��� � "��
��]:Cld:|KLH]:X[U X[E�Uc]KWYLMBHC#LDd:Z@U WYLOUc]-T U W E�|:BHW@J#CFL �?X
d:|_��� T�E5T[JFUHX?B

λ,
�:d�UiLHX �:X�CFL

§^C#T[Z@UH]1#¦Uc]:CM|:d:BDJ ]-T[LHW@I��l|-T UHUcCFBHI
X[E�T[I
C#J#X[I:X?~�WYJMT��?CFImU�§¡WYZ@Z�I:X[U�J ]-T[I��?CV>�b�WY~�W �
Z�T[BDZ@��#�W@U��:X3C#L I:X[U ~�TVUHUHC#B�§¡]:CFUH]:C#B |:BDWYJ#CFL^TVI:��W@I:J#X?~�C#L�TVBHCtC���|:BHCFLHLDC#�1WYI��:X?Z@Z�T[BDLO#
BHd:| C#CFLO#¦C#dKBHX?L¡X?B/�3d-T[I � �KC#~�T[I:��WYL�LDUHWYZ@Z}Uc]KCMLHT[~�C[>

��� 5 � 580 3�2436587 � 9 � � *-,Gop* 4�� ��* � � � ' %�� "(')" � " � �!" � ��� " � � � ��� �&�
� ����� �O��������� "�+ � �  =" � ' ���@��� � (p, w)

��� + x ∈ x(p, w), p · x = w �

nNo 6 6 q � � ��J#X?I�UHBcT[�:W@JFUHWYX?I > b�d:|:| X?LDC
x ∈ x(p, w)

§¡W@Uc]
p ·x < w

> ��]:CFI�Uc]KC#BHCtWYL
LHX?~�C

ε > 0
LHd:J ]lUH]-TVU^EGX[B^T[Z@Z

y
§¡W@UH]

||x− y|| < ε
#
p · y < w

> �^dKU^UH]:C#I1����ZYX3J�TVZ
I:X?I��rLcTVUHW�TVUHWYX?I #¦UH]:C#BDCi~id:L�U � C LHX[~�CN�:d:I:�:Z@C

y
EGX?B¡§¡]:WYJ ]

p · y < w
TVI:�

y � x
>

#�CFI:J#C
x /∈ x(p, w)

� T J#X?I�UHBcT[�:W@JFUHWYX?I >
�

� ��� � "��
� TVZYBcTVL ! L �+T�§©LHT��3L Uc]-TVU^TOJ#X?I:LDd:~�C#B�§¡W@Uc]�ZYX3J�TVZYZ@�NI:X?I3�{LcT UcW�T UcC#��|:BDCFEGC#BDC#I:JFC#L §¡WYZYZ
J#X?IKLHd:~�C ]:C#B CFImUHWYBDC1�:d:���?C�U�> z{I8|-T[B�UcW@J#d:ZYT[BO# UH]:WYL�TVZYZYX�§¡LNd:L UcX BHCy�{C���|:BDC#LDL�UH]:C
J#X?IKLHd:~�C#B¡|:BDX?�:ZYCF~ T[L � \^X?I:LDd:~�C#B

A�BHX?�KZYC#~

max
x∈R

n
+

u(x)

LHd:J ]�Uc]-TVU
p · x = w
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§¡]:CFBHC Uc]:CO�:dK���?CFU�WYIKC �md-T[Z@W@U{��WYL�BHCF|:Z�TVJ#C#� §¡W@UH]�T[I C �md-T[Z@W@U{�?>
��]:CNI:C��3U BDC#LDd:Z@U�LH| C�T�)mL�UHX�X?d:BtC�TVBHZYW@C#B¡X?�:LDC#B��[T UcWYX[I
Uc]:TVU�UH]:C#BDC ~�W(�?]�Ut� C ~�T[I��
LHX[ZYdKUHWYX?I:L UcX Uc]:COJFX?I:LHdK~�CFBt|KBHX?�:Z@C#~�>

��� 5 � 5 0 3 2 36587 � 9 � g 6 " & 0 � � wyx��Kv " � 0 (+0�"+0 4�4 � � ' %�� "(')" � �
" � �!" �L��� " � ��� � " � � �  =" � x(p, w)

� � � ��� � " � � ����� 
="�+ � � ' %�� "(')" � " � �!" �
��� " �*���*� � ���&� � ��� � " � � �  =" �L�  ="$� ��� � 
 � " � �!%������ 
 � � � ���&� ��� � 
 �=��� 
 "��
�  ��� � � � x(p, w)

� � � �*� � 
 � " �6��� �

nMo 6�6 q�� b�d:|K|}X?LDC1|:BHC�EGC#BDC#I:JFC#L�T[BHC�J#X?I��?Cy� T[IK�
x, x′ ∈ x(p, w)

> ¤¦X[BiT[I��
t ∈

[0, 1]
#
tx+(1−t)x′ ∈ B(p, w)

�}CFJ�T[d:LDC
p·(tx+(1−t)x′) = tp·x+(1−t)p·x′ ≤

tw + (1 − t)w = w
> ��]:CFI1# LHW@I:J#C

x � x′ T[I:� |:BDCFEGCFBHC#IKJ#C#LOTVBHC JFX?I��?Cy� # § C�T[Z@LHX
]-T��?C

tx + (1 − t)x′ % x′ > #tC#I:JFC�#
tx + (1 − t)x′ ∈ x(p, w)

>
�

zrE |KBHCFEGCFBHCFI:J#CFL�T[BHC¡L�UcBHW@JFUHZ@�iJFX?I��?Cy� #�Uc]:CtLcT[~�C¡J#X?IKLDUcBDd:JFUHWYX?I�ZYC#T[�:L�UcXNTOJ#X?I�UcBHT[�:W@J��
UcW@X?I > b�d:|:| X?LHC

x, x′ ∈ x(p, w)
§¡W Uc]

x 6= x′ > ��]:CFI1LDUHBHWYJ�U^JFX?I��?Cy�KW U{��~�C�TVI:L UH]-TVU
EGX?B¡T[I��

t ∈ (0, 1)
#
tx + (1 − t)x′ � x′ >�#�CFI:J#CH#

x′ /∈ x(p, w)
>
�

� ��� � "��
��]md:LO#3T[LDLHd:~�WYI1��Uc]:C^J#X?I:LDd:~�C#B ! L�dKUHWYZYW U{�OWYL JFX?I�UcW@I3dKX?d:L�T[IK� ZYX3J�T[Z@Z@� I:X[I��{LHTVUcWYTVUcCF�1#
§ C8]:T��[C�CFLDUcT[�:ZYW@LH]:CF��EGX?d:B�|:BDX?|}CFBDUHWYC#L�XVE�UH]:C�� T[BDLH]-T[Z@ZYWYT[I �:CF~�T[IK�¥EGdKI:JFUHWYX?I
x(p, w)

�

=?>¡W U �FC���W@LDUcL �H#
Q�>¡W@L�WYI:LDC#I:LDW@UcW �?C UHX�|KBHX?| X?BDUHWYX?I:T[Z�W@I:J#BDC�T[LDC#LtWYI1|:BDWYJ#CMT[IK��W@I:J#X[~�CH#
PK>¡Cy�K]:T[d:LDUHLtUH]:COJ#X?IKLHd:~�C#B !�L¡�:d:�1�?CFUO#}TVI:�
`:>¡W@L�LHWYI1�?ZYCy�r�VT[ZYdKC#�lW E |:BDCFEGCFBHC#IKJ#C#L�T[BDCML�UcBDWYJFUHZ@��J#X?I��?Cy�}>

��]:C�I:C��3U/BDC#LDd:Z@U d:LHCFL^Uc]KC#LHC�|:BHX[|}CFBDUcW@C#L�UcXN�:C#BDW@�?C�BHCFLDUcBDWYJ�UcWYX[I:L X[I�Uc]KC��:CFBHW@�VTVUHW@�[C#L
X[E%Uc]:CO�:CF~�TVI:�1EGd:I:JFUHWYX?I�>
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 % %=� � " %�� "(')" � " � �!" � ��� "
� � � ��� �&�.� ����� �O��� ����� "�+ � ��� + � ���
�  ��� � ����� + " � ��� + � ��� + � � " � " �=����� ( � "
'�
 � � � ����� � ' %��;� �!" �@��� + � " ��� �  � �1 =" �

=?> � %�� �!%=���;����������� �! ��� 
 " � � ��� � %��;� �!" � ��� + � � � ��� " + � " �*� � �G� � "!� � + " � ��� + �
∀ p � w � ��� + i = 1, . . . , n �

n∑

j=1

pj
∂

∂pj
(xi (p, w)) + w

∂

∂w
(xi (p, w)) = 0

Q�> � �! ��� 
 " � � �  =" %��;� �!" � ' ��� " 
 � � + �M��� � � � � "!� �G�6��� ��� " � % " � + � � 
 � " � ∀ p �
w � ��� + i = 1, . . . , n �

n∑

j=1

pj
∂

∂pi
(xj (p, w)) + xi (p, w) = 0

PK> � �! ��� 
 " � � � � � ��� " � � � � � " � + �6�$��� � + " �=��� � ��� �! ��� 
 " � �:�6��� ��� " � % " � + � � 
 � " �
∀ p

#
w
#

n∑

i=1

pi
∂

∂w
(xi (p, w)) = 1

nNo 6 6 q � P = R ��]:WYL�EGX?ZYZ@Xp§¡Lt�:W@BHC#J�UcZ ��EGBDX?~�]:X?~�X��?CFI:C#W U{�?> ¤-X?B�T[ZYZ
i
#
xi(λp, λw) =

xi(p, w)
����]:X?~�X��?C#IKC#W@U{�[>���X�§¥�:W ��CFBHCFImUHW�TVUHCO�}X[UH] LDWY�:CFL����

λ
T[I:�
CF�VT[ZYd:TVUcCMTVU

λ = 1
UcX�X?��U T[W@IlUc]:COBHCFLHd:Z U�>

�

P Q R ��]KWYL EGX?Z@ZYX�§¡L}EGBDX?~ � T[ZYBHT[L ! L��+T�§O> ¤-X?B�I:X?I��rLcTVUHW�TVUHC#� |:BDCFEGC#BDC#I:JFC#LA#
p·x(p, w) =

w
]:X?Z@�:L/EGX?B¡T[Z@Z

p
T[I:�

w
>���W ��CFBHCFImUHW�TVUHWYI�� �}X[UH]
LDWY�:CFL¡�m�

pi
�[W@�?CFL�Uc]:COBHCFLHd:Z U�>

�

P P R ��]:W@L�T[Z@LHX EGX?ZYZ@X�§¡L�EGBDX?~ � T[ZYBHT[L ! �+T�§O> ¤¦X[B�I:X[I��{LHTVUcWYTVUcCF��|:BDCFEGCFBHC#IKJ#C#LA#
p ·

x(p, w) = w
EGX[B¡T[ZYZ

p, w
>���W ��CFBHCFImUHW�TVUHWYI�� � X[UH]�LDWY�:CFL¡�m�

w
�?W@�[C#L�Uc]KCMBDC#LDd:Z@U#>

�

� ��� � "��
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� ��� � � � ��� � � � 	 � � �

��]:C � � + � � "!� � 
 � � � � � � '�
 � � ������� v(p, w)
W@L��:C �:I:C#� T[L � z{IK�:WYBDC#JFU

�tUHWYZ@W@U{�
¤-d:I:J�UcWYX[Iv(p, w) = max u(x)

LDd:� �DC#J�U�UHX
p · x ≤ w.

b�X
v(p, w)

WYL UH]:C ����� 
=" X[E Uc]:C¡JFX?I:LHdK~�CFB |KBHX?�:Z@C#~.#�X?B�Uc]:C¡~�X?LDU�d�UcWYZ@W@U{� T[I�T��?C#I�U
J�T[I4�?C�UtTVUt|:BHW@J#C#L

p
§¡W Uc]1§^C#T[Z@UH]

w
>

��� 5 � 580 3�2436587�� 9 � nNo 6 ��0mo�w � 0 4�6 q & � � 
 % %=� � "�
 � � � � ���=� � � 
 �
� 
 � 
 ��� � � � � '�
 � � � ����� � " %�� " � " �=� � � 
 ��� � � ��� �&� � ����� �O��� ����� "�+ %�� "(')" � " � �!"
� " � ��� ����� %

���
Rn

+
� �1 =" � v(p, w)

� � �

=?>  ����� 
 " � " � 
 � � '@+ " 
 � "!" ��" � � � ∀ p � w � ��� + λ > 0 � v(λp, λw) = v(p, w)

Q�> � ���=��� � 
 � 
 � ��� {(p, w) | p > 0, w ≥ 0}

PK>$� �����6� � � � " � �*� � 
 � � p
��� + �*���*� � ���&��� � � � " � �*� � 
 � � w

`:> � 
 � �*� � � ��� � " � � � ��" � �  =" � " � {(p, w) | v(p, w) ≤ v̄}
� � � ��� � " �J' ��� ��� � v̄ �

`m�
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nMo 6�6 q�� P = R #�X?~�X��?CFI:C#W U{�NEGX[ZYZYX�§¡L ����T�E5TV~�W@ZYW�TVB)TVB �?d:~�C#I�U#> zrE §^C¡~id:Z UcW@|:Z@�M� X[Uc]
|:BDWYJ#CFLtT[I:�1§^C#T[Z@UH]
��� T E5T[J�UcX?B

λ
#KUc]KCMJFX?I:LDd:~�CFB¡|:BHX?�KZYC#~�WYL�d:IKJ ]-T[I��?CF� >

�

P Q�R
��CFU
pn → p

T[I:�
wn → w

�}C LHC �md:CFI:J#CFL�XVE�|KBHWYJFC#L�TVI:� §^C#T[Z@UH] > � C
~id:L�UiLD]:X�§ Uc]-TVU

limn→∞ v(pn, wn) = v(p, w)
#)§¡]:W@J ] §^C��:X ����LH]:X�§¡WYI1� Uc]-T U

lim infn v(pn, wn) ≥ v(p, w) ≥ lim supn v(pn, wn) ≥ lim infn v(pn, wn)
> ��]:C

Z�TVLDUiW@I:C �md-TVZYW@U{��W@LNUcBDd:C1��� �KC �-I:W UcW@X?I1#�LHX § ClEGX3J#d:L T UHUcCFI�UcWYX[I X?I Uc]KC��-BHL�U U{§^X
WYIKC �md-T[Z@W@UcW@C#LF>
¤-X?BlUc]KC��-BDLDU WYI:C �3d:T[ZYW U{� #�Z@CFU

x ∈ x(p, w)
# LHX Uc]-T U

v(p, w) = u(x)
T[IK� Z@CFU

an = wn/(pn · x)
> ��]:C#I1#

anx ∈ B(pn, wn)
#�LHX

v(pn, wn) ≥ u(anx)
>-� � Z@XV�

J�TVZ IKX?I��{LHTVUcWYTVUcW@X?I1#
p · x = w

# LDX
limn an = lim wn/(pn · x) = w/(p · x) = 1

>
#�CFI:J#CH#md:LHW@I�� Uc]:C�JFX?I�UcW@I3dKW@U{�NX[E

u
#
lim infn v(pn, wn) ≥ lim inf u(anx) = u(x) =

v(p, w)
#�§¡]:W@J ]
W@~�|KZYWYCFL UH]:C �-BHL�U�W@I:C �md-TVZYW@U{�[>

¤-X?B�UH]:C�LHCFJ#X?I:� WYIKC �md-T[Z@W@U{� #¡Z@CFU
xn ∈ x(pn, wn)

LDX Uc]-T U
v(pn, wn) = u(xn)

>
��CFU

nk � C T LHdK�:LHC �3dKC#I:JFC�T[ZYX[I���§¡]:WYJ ]
limk→∞ u(xnk

) = lim supn v(pn, wn)
>

b�W@I:J#C
pn � 0

#�Uc]KC�d:IKWYX?I�X[E�UH]:C¡�:d:���[CFU LHCFUHL^�:C �-I:CF�l���
(pnk

, wnk

)
T[I:�

(p, w)
WYL

� X?d:I:�:CF��T[�}X��[C��m�NUc]:C/�[C#J�UcX?B
b
§¡]:X?LHC�W th J#X?~�|}X[I:C#I�U�W@L bi = (sup wn)/(inf pn

i )
>

b�W@I:J#C UH]:C�LHC �3dKC#I:JFC
{xnk

}
WYL1� X?d:I:�KC#�1#�W@U1]-TVL�LDX?~�C T[J#JFd:~id:ZYTVUcW@X?Ik| X?WYI�U

x
>

b�W@I:J#C
pnk

· xnk

≤ wnk #�W@U�EGX?ZYZ@Xp§¡L�����UcT�)mWYI���ZYW@~�W UcL UH]-TVU
p · x ≤ w

> ��]md:LA#
v(p, w) ≥ u(x) = limk→∞ u(xnk

) = lim supn v(pn, wn)
#:§¡]:W@J ] W@~�|:Z@WYCFL^Uc]:CMLHCFJ��

X?I:� W@I:C �md-T[Z@W@U{�[>
�

P P R�¤-X?B�Uc]KC �-BDLDU |-T[B�U)#3I:X[UcC¡Uc]:TVU^W E
p′ > p,

Uc]:CFI
B(p′, w) ⊂ B(p, w)

#mLDXiJ#Z@C�T[BDZ@�
v(p′, w) ≤ v(p, w)

>)¤¦X[B Uc]:C LHCFJ#X?I:�N|-T[B�U)# LHd:|:| X?LDC
w′ > w

#[TVI:�NZ@CFU
x ∈ x(p, w)

>
� �l� T[Z@BcT[L !-�+T�§$#

p · x = w < w′ #-LHX��m��T�LHCFJ#X?IK� T[|:|KZYWYJ#TVUcW@X?IlX[E%� T[ZYBHT[L !-�+T�§$#
x /∈ x(p, w′)

>�#tC#I:JFC�#-Uc]:CFBHCOWYL�LDX?~�C
x′ ∈ B(p, w′)

LHdKJ ]
Uc]:TVU
u(x′) > u(x)

>
�

P ` R b�d:|:| X?LDCiUc]-TVU
v(p, w) ≤ v

TVI:�
v(p′, w′) ≤ v

> ¤-X?B�T[I��
t ∈ [0, 1]

#}J#X?I:LDWY�:CFB
(pt, wt)

§¡]:CFBHC
pt = tp+(1− t)p′

TVI:�
wt = tw +(1− t)w′ >���CFU x

�}C�LHd:J ]lUH]-TVU
pt · x ≤ wt > ��]KC#I1#

wt ≥ pt · x = tp · x + (1 − t)p′ · x
# LHX " � �  =" � p · x ≤ w

���
p′ · x ≤ w′ X?B�� X[UH] > ��]md:LA#}CFW@UH]:C#B

u(x) ≤ v(p, w) ≤ v
X?B

u(x) ≤ v(p′, w′) ≤ v
#

LHX
u(x) ≤ v

> \^X[I:LHC �3dKC#I�UcZ � #
v(pt, wt) = maxx:pt·x≤wt u(x) ≤ v

>
�

� ��� � " �
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 � � ��� � � ��� �k	

� ?A> � � � C � I � � � I

#�X�§ �KX�CFL�X?I:C T[JFUHd-T[Z@Z@��LHX?Z �?C EGX?B%� TVBHLH]:T[ZYZ@W�T[I �KC#~�T[I:�1# �?W �?C#IO|:BDCFEGCFBHC#IKJ#C#LA#?|:BDWYJ#CFL
T[I:��§ C�T[Z Uc] < zrE UH]:C�dKUcW@ZYW@U{� EGd:IKJFUcW@X?I�WYL �KW@�}C#BHCFI�UcW�TV�:ZYCH# _ Uc]KC#I�C���|:ZYW@J#W U EGX?BH~ d:Z�T[C
J�T[I LDX?~�C�UcW@~�CFLl�}C��KC#BHW �?CF� ��� T[I:T[Z@�&'#W@I�� UH]:C��%T �?BcT[I1�?W�T[I�EGX?B�Uc]KC�JFX?I:LDd:~�CFB
|:BHX[�:ZYCF~ �

L(x, λ, µ; p, w) = u(x) + λ [w − p · x] +

n∑

i=1

µixi

§¡]:C#BDC
λ
WYL�Uc]:CM�+T��?BHT[I��?C ~ d:Z@UHWY|:Z@WYC#B X?I1Uc]KCM�Kd:���?C�U�JFX?I:L�UcBcTVWYI�U�T[I:�1#KEGX[BtC#T[J ] � #

µi
WYL)Uc]:C¡~id:Z UcW@|:ZYW@C#B+X?I Uc]:C�JFX?I:L�UcBcTVWYI�U�Uc]-T U

xi ≥ 0
>���]:C �#�+T��[BcT[I��[W�T[IN|:BHX?�KZYC#~��

WYL �

min
λ≥0,µ≥0

max
x

L(x, λ, µ) = min
λ≥0,µ≥0

max
x

u(x) + λ [w − p · x] +
n∑

i=1

µixi
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\ #�£�A �¡� S e�>�� � �
£ ��� � z � # � ��S¡z 
 £ ��z 
 � b

��]:C �-BDLDUtX?BH�KC#B¡J#X?IK�:W@UHWYX?I:L EGX?B/Uc]:CO~�T ��WY~�W('#TVUcW@X?I�|:BDX?�:Z@C#~ TVBHC��� d:]:I�� �)d:J*)VC#B
\^X?I:�:W UcW@X?I:L

∂u

∂xi
= λpi − µi ,

P e�> = R

T[I:�
λ ≥ 0

T[I:�
µi ≥ 0

EGX?B/T[Z@Z
i = 1, . . . , n

> ��]KC LHX?Z@dKUcW@X?I�~idKLDU¡T[Z@LHXiLHTVUcW@LDE'��Uc]KC
X?BDW(�?W@I-T[Z J#X?I:L�UcBHT[WYI�UcL �

p · x ≤ w
TVI:�

x ≥ 0
#

T[L/§ C#Z@Z+T[L�Uc]:COJ#X[~�|:Z@C#~�C#I�U TVBD�lLDZ�T[J*)mI:CFLHLtJ#X?IK�:W@UHWYX?I:L �

λ (w − p · x) = 0
T[I:�

µixi = 0
EGX?B

k = 1, ..., n
>

��]:CFLHCMJ#X?I:�KW@UcW@X?I:LA#KU T�)VC#I UcX��[CFUc]KC#BtT[BHC J#T[ZYZ@C#�1Uc]KC�� 
  ��� � 
=��� " � � ��� + � ������� ��>
b�d:|K|}X?LDC §^C �-I:�
TiUcBDWY|:Z@CFU

(x, λ, µ)
UH]-TVU�LHTVUcW@L �-CFL¡UH]:C�� d:]:I�� �)dKJ*)[C#B�J#X?IK�:W@UHWYX?I:LF>

��X3C#L
x
LHX?Z �?C�Uc]:C�~�Tp�KW@~�W '�TVUHWYX?I |:BHX?�KZYC#~.#%LHX
UH]-TVU

x ∈ x(p, w) < \^X?I��?CFBHLHCFZ@��#
W@E

x ∈ x(p, w)
W@L�T�LDX?ZYd�UcWYX[I�UHX�Uc]:C J#X?I:LDd:~�C#B�|KBHX?�:Z@C#~.# §¡W@ZYZ

x
T[Z@LHX�LHTVUcW@LDE'� Uc]KC

� d:]:I�� �)dKJ*)[C#BtJ#X[I:�:W@UHWYX?IKL¡T[ZYX?I1�i§¡W@Uc] LDX?~�C
(λ, µ) <

��]:C�� 
  ��� ��
 ��� " � �1 =" ��� " � UHC#Z@ZYL d:L Uc]:TVU.� ' x ∈ x(p, w)
# UH]:C#I P LDd:� �DC#J�U�UHX

T
JFC#B�U T[W@I �FBDC �?d:ZYT[BHW U{� ��JFX?I:�:W UcWYX[I R�Uc]:CFBHClCy�KW@LDU
(λ, µ)

LHd:J ] UH]-TVU
(x, λ, µ)

LDX?Z@�[C
Uc]KC�� d:]KI�� �%d:J*)[CFB�JFX?I:�:W UcW@X?I:L#>���E)J#X?dKBHLHCH#-Uc]:CFBHCO~�T��1� COX[Uc]KC#B�LHX[ZYdKUHWYX?I:L/UHX Uc]:C
� d:]:I�� �)dKJ*)[C#B�J#X?I:�KW@UcW@X?I:L�Uc]:TVUt�:X�I:XVU�LDX?Z@�[CMUH]:C JFX?I:LHdK~�CFB�|:BDX?�:Z@C#~�> #�X�§ CF�[C#BO#
W@E

u
W@L�TVZYLHX �md-T[LDW �{JFX?I:J#T��[CiT[IK�
]-TVL�T[I T[�:�:W UcW@X?I-T[Z}|:BHX?| C#B�U{� #¦Uc]:CFI
UH]:CNLDX?ZYd�UcWYX[I:L

UcX�Uc]:CiJFX?I:LDd:~�CFB |:BDX?�:ZYCF~ T[I:� Uc]KC � d:]:I�� �)dKJ*)[C#BOJFX?I:�:W UcWYX[I:L�JFX?WYIKJ#WY�KC C��KT[J�UcZ � #
Uc]:TVU W@LO#pUc]:C � d:]:I�� �)d:J*)VC#B JFX?I:�:W UcW@X?I:L%T[BHC � "!�!" � �O����� ��� + � 
�� � � " �=� EGX?B x

UcX�LHX?Z �?C
Uc]KCMJFX?I:LDd:~�CFB¡|:BHX?�KZYC#~�>� d:]:I�� �)d:J*)VC#B

��]:C#X[BHC#~
��� 5 � 5 0 3 2 36587�� ��� (%h)" � + ()2p9¦0mo + h+0 6 op0&� � � 
 % %=� � " �  ��� u� � � ���=��� � 
 � 
 �*�&� + � � " � " �=����� ( � " ��� + �  ��� x ∈ x(p, w)

� ��� � ��� 
 �������
�6� �  =":� ��� � 
 � " � %�� � ( � " � � � ' �  =":� ��� �*� � ��� �=� � 
 ��� � 	 � ��� �����  ��� + � ���
x � �  =" � �  =" � " " � � �*� � λ � µ1, . . . , µn ≥ 0

� 
=�! �  ��� (x, λ, µ)
� ��� � "


�$



e�>aQ�>©�
£�S � z���£ � St£ �¡� � ¤8b ����b���z � ����z � �

�  =" � 
  ��� � 
=��� " � � ��� + � � ����� � � � ��� " ��� " � � � ' u
� � � 
 � �*� � � ��� � � � " ��� +

 � � �  =" %�� �!% " �;� �@�  ��� [u(x′) > u(x)] ⇒ [∇u(x) · (x′−x) > 0] � �  =" ���� �
x
�  ���8� �&%Q���;�G� ' � � ��� 
 � ����� � � �  =" � 
  ��� � 
=��� " � � ��� + � ������� � � �

��� � �:� � ��� 
 � ����� � � �  =" � ��� � 
 � " �M%�� � ( � " � �

nNo 6 6 q � b�C#COUc]:CO~�TVUc]1BDCF�3WYC�§ ]-TVI:�:X?dKU P LDU TVBDUcW@I���X?I |-T��?C�=�� R�>
� ��� � "��

� ? � � �$C � �OI���� ��� � E � F � � �.N ��� ��� ��� �@I

� C�J#T[I d:LDC/Uc]:C � d:]:I3� �%d:J*)[CFB JFX?I:�:W UcW@X?I:L)UHX J ]-T[BHT[JFUHC#BHW '#C¡�
T[BHLD]-T[ZYZ@W�T[IN�:C#~�T[I:��>
¤ WYBDLDUO#:d:LHW@I�� P e�> = R;#K§^CM~�T���§¡BHW UcC��

∂u

∂xi
≤ λpi,

T[I:��W@E
xi > 0

∂u

∂xi
= λpi.

¤-BHX?~ Uc]:W@LO#?§ Ct�KC#BHW �?C�Uc]KC¡EGX[ZYZYX�§¡W@I���W@~�| X?BDUcT[I�U BDC#Z�T UcWYX[I:LH]:W@| ��EGX?B�T[Z@Z1�?X3X��KL
i
T[I:�

j
J#X[I:LHd:~�C#��WYI | X?LHW UcW �?C �md-T[I�UHW@U{� �

MRSij =
∂u(x(p, w))/∂xi

∂u(x(p, w))/∂xj
=

pi

pj
.

��]:WYL LcT��3L UH]-TVU TVU�Uc]KC�JFX?I:LHdK~�CFB ! L^~�T ��WY~id:~.# �  =" � ��� 
 � �����=� ��� " � ' � 
�( �*��� � 
 � ����� � T[B �?WYI:T[Z
BcT UcC X[E
b�d:�KLDUcW UcdKUHWYX?I

(*" � � "!" � i
��� + j " � 
 ��� �$�  =" ��������� � ' �  =" � �&%��*� �!" � �

� CFBHC�Uc]KWYL�I:X[U�UH]:C¡J�T[LDC�#mUc]:C¡JFX?I:LHdK~�CFB�J#X?d:Z@���:XN� CFUDUcCFB��m��~�T[B �?WYI-TVZYZ@� J ]-T[I��?W@I��
]:C#B�JFX?I:LDd:~�|�UcWYX[I > ¤-X?B)C��KT[~�|:ZYCH#?J#X[I:LHW@�:C#B

x∗ ∈ x(p, w)
> zrE ∂u(x∗)/∂x1

∂u(x∗)/∂x2
> p1

p2

#[UH]:C#I
T[I W@I:J#BDC�T[LDCiWYI UH]:CiJFX?I:LHdK~�|KUHWYX?I
X[E��?X3X���= X[E

dx1
#�JFX?~i�:W@I:C#�
§¡W@Uc] T��:C#JFBHC#T[LHC

WYI�Uc]:CiJFX?I:LDd:~�|�UcWYX[I X[E��?X3X3� Q�XVE p1

p2
dx1

§ X?d:Z@� �}CMEGC�T[LDWY�:Z@C TVI:� § X?d:ZY�
��W@C#Z@� T
dKUcW@ZYW U{��J ]-TVI��?COX[E ∂u(x∗)

∂x1
dx1 −

∂u(x∗)
∂x2

p1

p2
dx1 > 0

> ��]:CFBHC�EGX?BHCH#
x∗ /∈ x(p, w)

¤ W(�[d:BHCFL e�>@=tT[IK��e3>RQ �?W �?C¡T �?BcT[|K]:WYJ#T[ZKBDC#|:BDC#LHCFI�U TVUHWYX?I�X[E Uc]:C¡LHX[ZYdKUHWYX?I UHX Uc]:C¡J#X[I��
LHd:~�C#B%|:BDX?�:ZYCF~
>+z{I ¤ W(�?dKBHC e�> =^� X[Uc] �?X3X��KL)TVBHC�J#X?IKLHd:~�C#�iW@IO|}X?LDW@UHW@�?C �md-T[I�UHW@UcW@C#LA#
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£ ��� � z � # � ��S¡z 
 £ ��z 
 � b

LHX
µ1 = µ2 = 0

# T[I:��Uc]:CM~�TVB �?W@I-T[Z�BHTVUcCMX[E LHd:�:L�UcW UcdKUHWYX?I
T[ZYX[I���UH]:CMWYI:�:W ��CFBHCFI:J#C
J#dKBD�?CMC �md-TVZYL�Uc]:COLDZYX?| C X[E%Uc]:CO�:d:�1�?CFUtZYW@I:C TVU�UH]:COX?|KUHWY~id:~�>

6

- x1

x2

q

x∗

@
@

@
@

@
@

@
@

@
@

@
@

@
@

@

�
�� Du(x∗)

�� p

¤)W(�?d:BDCMe�> = � � T[BDLH]-T[Z@ZYWYT[Il�:CF~�T[IK� ��WYI�UcCFBHW@X?B/LHX[ZYdKUHWYX?I >

z{I ¤ W �?d:BHCie�>aQ�#�§ C ]-T��?C�TlJ#X?BDI:C#B�LHX?Z@dKUcW@X?I1#�LDX
µ1 > 0

§¡]:WYZ@C
µ2 = 0

> #�C#BDCiUc]:C
� S�b �KX�CFLtIKX[U¡C �md-T[Z UH]:CO|:BHW@J#COBcT UcWYXK>

6
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B
B

B
B
BB

q�
�� Du(x∗)�1

p

?� BcT[�KWYC#I�U�XVE)UH]:C
−x1 ≤ 0

JFX?I:L�UcBcTVWYI�U�>
¤ W(�[d:BHCMe�>aQ � � TVBHLH]:T[ZYZ@W�T[Il�KC#~�T[I:� ��JFX?BHI:CFB¡LHX?Z@dKUcW@X?I >

���
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��]:CM�+T��?BcTVI��?C ~id:Z UcW@|:ZYW@C#B
λ
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{xi(p, w)}n
i=1 > 0 ∀ i
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∇u(x(p, w))
∂x(p, w)

∂w
,

§¡]:C#BDC
∇u(x) = [∂u(x)/∂x1, . . . , ∂u(x)/∂xn]

T[I:� ∂x(p,w)
∂w

= [∂x1(p, w)/∂w, . . . , ∂xn(p, w)/∂w]′
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∂w

> �tXp§$#�IKX[UcW@J#C UH]-TVU����iA�BDX?| X?LHW UcWYX[I
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i=1 pi
∂

∂w
(xi (p, w)) = 1
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λp
∂x(p, w)

∂w
= λ

n∑

i−1

pi
∂xi(p, w)

∂w
= λ .
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(p, w)
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= λ ≥ 0
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λ > 0

> � I:Ci~�W(�?]�UtUc]:W@I�)
Uc]:TVU1T[�K�:WYI�� T[I©T[LDLHd:~�|KUcW@X?IkX[EMZ@X�J#T[Z¡I:X?I��rLcTVUHW�TVUHWYX?I §^X[d:ZY�©W@~�|:Z � Uc]:TVU1LDUHBHW@JFU
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j
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∂u/∂xj > 0
#:Uc]:CFI X?IKCMJ#T[I�WYIKEGCFB¡UH]-TVU

∂v/∂w ≥

(∂u/∂xj)/pj > 0
>

��� 5 � 5 0 3 2 36587 ��� j 6 x � 4 !#$+03"}w � w�x � 
 % %=� � " �  ��� v
� � + � � " � �

" �=����� ( � " ��� (p, w) � � � �  pi > 0 � w > 0 � ��� + ∂v
∂w

> 0 � �1 =" � x(p, w)� �@� �*� � 
 � " �6��� ��� +

xi(p, w) = −
∂v(p, w)/∂pi

∂v(p, w)/∂w
.
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v(p, w) = u(x(p, w))
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pi
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∂v(p, w)/∂pi =
∑n

j=1
∂u(x)
∂xj

∂xj

∂pi

>
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∂xj

§^C �?C�U
∂v(p, w)/∂pi =

λ
∑n

j=1 pj
∂xj

∂pi

> �tXp§�I:X[UHC Uc]-T U1��� A�BHX?| X?LHW UcW@X?I©e P UH]:C�T[�K�:WYI��_dK| UH]:C#X[BHC#~�R
Imd:~i� C#B Q # ∑n

j=1 pj
∂

∂pi
(xj (p, w)) + xi (p, w) = 0
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∂v(p, w)/∂pi = −λxi (p, w)
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v(p, w) = v

$��(5B.����(!+�-5<	 �
���(	�$�� ��	����($����3R�	 ��	�/
��	 !�	��T��$7�������

û(x) = (u(x)−v)3
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f(x)

W@L¡]:X?~�X[Uc]:C�UcW@J W@E
f(x) =

g(h(x))
§¡]:C#BDC

g
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h
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T�|}X?LDW@UHW@�?C�~�X?IKX[UcX?IKWYJ�UHBcT[I:L�EGX?BH~�TVUHWYX?I XVE�T EGd:IKJFUcW@X?I_Uc]-T U�WYLi]:X[~�X��[C#I:CFX?d:L X[E
�:C �[BHC#C�=?>

��J#X?I:X[~�W@LDUcL�X[E'UcCFI �:I:�OW@U�W@L d:LHC�EGd:Z?UcX¡TVLHLHdK~�C�Uc]:TVU�dKUHWYZYW U{�¡EGd:I:JFUHWYX?IKL�T[BHC�]KX?~�XVUc]:C�UcWYJV> #�X[~�X[UH]:CFUHWYJFW@U{�
��X[UHWYJFC�Uc]-T U/Uc]:W@L/T[LDLHd:~�|KUHWYX?I1W@L^I:X[U/~id:J ] �:W@�}C#BDC#I�U/UH]-T[IlUc]:TVU�X[E%]:X?~�X��?CFI:C#X[d:L
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�
W@I:WY~�W('#TVUcW@X?I
A�BHX?�KZYC#~min

x∈R
n
+

p · x

LF> U#>
u(x) ≥ u

#
§¡]:C#BDC

u ≥ u(0)
T[I:�

pi > 0 ∀ i
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u � ��� + λ > 0 � h(λp, u) = h(p, u) �
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 � � ���!" � ��� � � � � � � � � ' u ≥ u(0)
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u(x) = u �

PK> � ��� � " � � � ����� �=��� 
 " � " � � � � ' %�� "(')" � " � �!" � ��� " � ��� � " � � �  =" � h(p, u)
� � � � �����

� " � � " � � � ' %�� "(')" � " � �!" � ��� " �*���*� � ���&� � ��� � " � ��� + pi > 0 ∀ i � �  =" � h(p, u)
� �

� �*� � 
 � " �6��� �

nNo 6 6 q > P = R �tX[UcC�UH]-TVUiUH]:ClJFX?I:LDUHBcT[W@I�U LHC�U)#�X?BiJ ]KX?WYJFClLHC�U)#�WYLMUc]:C1LHT[~�C�WYI UH]:C
C���| C#I:�:W Ucd:BDCN|KBHX?�:Z@C#~¨EGX?B

(λp, u)
TVI:�

(p, u)
> �^dKU¡Uc]KC#I

min
{x∈R

n
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:u(x)≥u}
λp · x = λ min

{x∈R
n
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:u(x)≥u}
p · x,

LHX�Uc]:COCy�K| C#IK�:W@UHd:BHCO|:BDX?�:ZYCF~ ]-T[L/UH]:COLcT[~�COLHX?Z@dKUcW@X?IlEGX?B
(λp, u)

T[I:�
(p, u)

>
�

� �



\ #�£�A �¡� S¥�K>�#�z�\ �Mb�z{£�� ��� ��£ �
�

P Q�R�b�d:|:| X?LHCOUcX�Uc]KCMJFX?I�UcBHT[BD�1UH]-TVU�Uc]KC#BHCMWYL�LDX?~�C
x ∈ h(p, u)

LDd:J ]
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u(x) >

u ≥ u(0)
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x′ = tx
§¡W@Uc]

0 < t < 1
> ��]:CFI

p · x′ < p · x
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x ∈ R
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+ | u(x) ≥ u
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∩ {x | p · x = e(p, u)}
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t ∈ (0, 1)
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p · x′′ = e(p, u)
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��� + λ > 0 � e(λp, u) = λe(p, u)
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%�� ��� � + "�+ pi > 0 ∀ i

`:> � ��� � � � " � � p �

nMo 6�6 q > P = R^£�LtW@I |:BHX?| X?LDW@UcW@X?I =pQ #-I:X[UcC UH]-TVU

e(λp, u) = min
{x∈R

n
+

:u(x)≥u}
λp · x = λ min

{x∈R
n
+

:u(x)≥u}
p · x = λe(p, u).
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e(p, u)
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p′ > p
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x ∈ h(p′, u)
> ��]:C#I

u(h) ≥ u
# T[I:�

e(p′, u) =

p′ · x ≥ p · x.
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e(p, u) ≤ e(p′, u)
> ��]:C#BDCFEGX?BDC�#

e(p, u)WYL�IKX?I:�:CFJ#BHC#T[LHW@I���WYI
p
>
�

��$



�K> =?>k� � A����
��z � ��St� ��z���z��
z���£ ��z � � A S � �^�%� �

¤-X?B Uc]:C¡LDC#J#X[I:��L�U TVUHC#~�C#I�U)#mLHdK|:|}X[LHC¡UcX Uc]:C¡JFX?I�UcBcTVBD�iUH]-TVU
e(p, u)
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#�Uc]:TVU WYL

u′ > u
§¡W@Uc]

e(p, u′) ≤ e(p, u)
> ��]:C#I1# EGX[B LHX?~�C

x ∈ h(p, u)
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u(x) = u′ > u
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p′′ = tp + (1 − t)p′
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t ∈ (0, 1)
#�TVI:� LHdK|:|}X[LHC

x ∈ h(p′′, u)
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p · x ≥ e(p, u)
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p′ · x ≥ e(p′, u)
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e(p′′, u) = (tp + (1 − t)p′) · x =

t(p ·x)+ (1− t)(p ·x) ≥ te(p, u)+ (1− t)e(p′, u)
>���]KC#BHC�EGX?BHCH#

e(p, u)
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∂e(p, u)
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= hi(p, u) .
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∂e(p, u)

∂pi
=

∂(pih(p, u))

∂pi
= h(p, u) + pi

∂h(p, u)

∂pi
.
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λ∂u(h(p,u))
∂xi
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∂e(p, u)

∂pi

= h(p, u) + λ
∂u(h(p, u))

∂xi

∂h(p, u)

∂pi
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Uc]:TVU ∂u(h(p,u))
∂xi

∂h(p,u)
∂pi

= 0
> ��]KC#BHC�EGX?BHCH# ∂e(p,u)

∂pi
= h(p, u)
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w
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(p, u)

#�LHX1J#X[~�|-TVBcTVUHW@�?C LDU T UcWYJFLOT[BHC LDU T UcC#~�C#I�UHLNTV�}X?d�U ]:X�§
h(p, u)
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� d:B��:BHLDU BHCFLHd:Z U �?W �?C#L T J#X[~�|-TVBcTVUHW@�?C�LDUcTVUcW@J#LNLDU T UcC#~�C#I�UiT[�}X[dKU ]KXp§�T J ]:T[I��?C
WYI |:BHW@J#C J ]-T[I1�?C#L Uc]KC C���|}CFI:�:W Ucd:BDC BHC �md:W@BHCF� UHX T[J ]:W@CF�?C�T �?W �?CFI�dKUcW@ZYW@U{��Z@CF�?CFZ

u
>

��]:C �FZYT�§�X[Et�:C#~�T[I:� ��EGX?BH~�T[ZYW '#CFLMUHX Uc]:ClW@�:C�T §¡]KC#I_Uc]:C�|:BHW@J#ClX[EtLDX?~�C �?X�X3�
WYIKJ#BHC#T[LHCFLO#:UH]:C P #�W@J*)mLHW�TVI R^�:C#~�T[I:� EGX?B/UH]-TVU �?X3X�� �:CFJ#BDC�T[LDC#L#>

��� 5 � 5 0 3 2 36587 � � 9 � * � 6 q % � 2p9 4 � *-" .10&� *-"%$ � 
 % %=� � " p � p′
≥ 0

��� + � " � x ∈ h(p, u)
��� + x′ ∈ h(p′, u) � �1 =" � � (p′−p)(x′−x) ≤

0 �

nMo 6�6 q�� � � �:C��-IKW@UcW@X?I
u(x) ≥ u

T[I:�
u(x′) ≥ u

>^b�X #-��� X?|�UcWY~�W('#TVUcW@X?I1#
p′ · x′ ≤

p′ ·x
TVI:�

p ·x ≤ p ·x′ >)��C�~�T��MBHC�§¡BHW UcC^UH]:C#LDC/U{§^XOWYIKC �md-T[Z@W@UcW@C#L)T[L p′ ·(x′−x) ≤ 0T[I:�
0 ≥ −p · (x′ − x)

#¦T[I:�1UH]:COBHC#LDd:Z@U¡EGX?Z@ZYX�§¡L/W@~�~�C#�:WYTVUcCFZ@�[>
�

� ��� � "��

��]:CN�+T�§ X[E ��C#~�T[I:��J�T[I��}CNT[|:|KZYWYCF�1UcX�LDUHd:�K��]:X�§ �:CF~�TVI:��EGX[B�T�LHW@I��?Z@C��?X�X3�
�VT[BHW@C#L/§¡W Uc]�W@UcL�X�§¡I
|:BHW@J#C[>���]md:LO# LHdK|:|}X[LHCOUc]-TVU¡UH]:COX?I:Z@�l�:W@�}C#BDC#I:JFCM� CFU{§ C#CFI

p′

���
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 � b��)£ ��z�\�b

T[I:�
p
WYLMUc]-TVUO# EGX?BNLHX?~�C

k
#
p′k > pk

#��KdKU
p′i = pi

EGX?BNT[ZYZ
i 6= k

> ��]:C#I1# §¡W Uc]
LHW@I��?ZYCy�r�VT[Z@d:C#�1�:CF~�TVI:�1#

(p′k − pk) [hk(p
′, u) − hk(p, u)] ≤ 0 .

��]:WYL¡~�C�T[IKLtUH]-TVU
hk(p, u)

WYL + "!� � " � �*� � 
 WYI pk
> � B¡WYI1§^X[BH�:LA# � � ��� �*����� + " � ��� +

��
 � � " � �*� �!% "@+ � � � � ��� + �

£�LHW@~�|KZYCN§^T�� UcX1LDC#CiUH]:WYL �[BcT[|:]KWYJ�TVZYZ@� W@L�UcX�I:X[UcCiUH]-TVU UH]:C J ]-T[I1�?C WYI #tWYJ*)mLHWYT[I
�:C#~�T[I:�4�?W �?C#I�T J ]-T[I1�?CNW@I |:BHW@J#C WYL¡T LD]:W@E'UtT[Z@X?I���T[I�WYIK�:W@�}C#BDC#I:JFC J#d:B��?C��

6

- x1

x2

J
J

J
J
J

J
J
J

J
J
J

J
JJ

Q
Q

Q
Q

Q
Q

Q
Q

Q
Q

Q
Q

Q

h

h′

¤ W(�?dKBHC �K> = ��#tWYJ*)mLHWYT[I ��C#~�T[I:� � \^]-TVI��?COWYI�A�BHW@J#C

z{IOJ#X?I�UcBHT[LDUO#?�
T[BHLD]-T[ZYZ@W�T[I��:C#~�T[I:�
xk(p, w)

IKC#C#�MI:X[U+� C��:CFJ#BHC#T[LHW@I��¡WYI
pk

P Uc]:X[d��?]
Uc]:W@L W@L:� �;%�� � ��� �&��UH]:ClJ�TVLHC Ry> �%X LHCFC�§¡]�� #�J#X[I:LHW@�:C#B ¤ W(�?dKBHC��K>RQ3>
��C�§¡WYZ@Z�J#X?~�C
�-T[J*) UcX�]:X�§�� T[BHLD]-T[Z@ZYW�TVI8�KC#~�T[I:��BDC�T[J�UcL�UcX T�J ]-T[I��[C WYI�|:BHW@J#CH#�T[I:��UHX�UH]:C
BHCFZ�TVUHWYX?I:LD]:WY|�� CFU{§ C#CFI�UH]:C�J ]-T[I��?C�W@I �
T[BHLD]-T[ZYZ@W�T[I T[I:�-#�WYJ*)mLDW�T[I �:CF~�T[IK�1#+WYI T
~�W@ImdKUcCV>

�� 
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Z
Z

Z
Z

Z
Z

Z
Z

Z
Z

Z
Z

Z
Z

J
J
J
J

J
J

J
J
J

JJ

x

x′

¤ W �?d:BDC �K>aQ � � T[BDLH]-T[Z@ZYWYT[I1�:C#~�T[I:� ~�T��lWYIKJ#BHC#T[LHC §¡W Uc] |:BHW@J#COWYIKJ#BHC#T[LHCV>

zrE�Uc]KC #�W@J*)mLHW�TVI��:CF~�T[IK��EGd:I:J�UcWYX[I
h(p, u)

W@L^LHW@I��?Z@CFUcX[I��r�VT[Z@d:C#��T[I:��J#X?I�UcW@Imd:X?d:LDZ@�
�:W ��CFBHC#I�UHW�T[�:Z@C�#:§ CiJ�TVI d:LDCi�:C#BDW@�VTVUHW@�?CFLtUHX��:CFLHJFBHWY� C ]KXp§�UH]:WYLt�:CF~�T[IK� BHCFLH| X?I:�:L
UcX�|:BHW@J#CNJ ]-T[I��?CFL#> ��]KCiI:C��3U BDC#LDd:Z@U�WYL�JFZYX?LDC#Z � BHC#ZYTVUcCF� UcX�J#X?BDBHCFLH| X?I:�:W@I��lBHCFLHd:Z UcL
Uc]:TVU�§^CM]-T��?CO|:BDCF�3WYX[d:LHZ �1�:WYLDJ#d:LDLHCF� J#X[I:J#CFBHI:W@I���T �-BD~ ! L¡WYI:|KdKU¡�:C#~�T[I:�KL#>
\^X?I:LDWY�:CFB�Uc]:CO~�TVUcBDW � �

Dph(p, u) =




∂h1(p,u)
∂p1

∂hn(p,u)
∂p1

· · · · · ·
∂h1(p,u)

∂pn

∂hn(p,u)
∂pn


 .

S¡C#J�TVZYZ UH]:C1�:C��-I:W@UHWYX?I UH]-TVU�T[I
n × n

LD�3~�~�C�UcBDWYJl~�TVUcBDW �
D
WYL � " 
 ������� " � " � � �

+ " 	8�=� � " W@E+EGX?B¡T[Z@Z z ∈ R
n # z · Dz ≤ 0

>
nMo 6 � 6 4 � w �G6 "  &� � 
 % %=� � " �  ��� 
 � � � � " %�� " � " �=� �.�L%�� "(')" � " � �!"
� " � ��������� %

��� + �  ��� h(p, u)
� �*� � 
 � " �6��� ��� + � � � ���=� � � 
 � 
 �*�&� + � � " � �

" �=����� ( � " ��� (p, u) � �  =" � " pi > 0 ∀ i � �1 =" � Dph(p, u) = ∂h(p,u)
∂p

� �
����� � " � �;� � ��� + � " 
 ��� ��� " � " � � � + " 	8�=� � " �

nMo 6�6 q�� � � b�]:CF|:]-T[BD� ! Li��C#~�~�T�#
hi(p, u) = ∂e(p,u)

∂pi

#)LHX ∂hi(p,u)
∂pj

= ∂2e(p,u)
∂pi∂pj

� C
~�T���BHC�§¡BHW@UHC Uc]:W@L¡T[L �

�¦f
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Dph(p, u) = D2
pe(p, u)

>

¤-X?BNL��3~�~�CFUHBD� #)BHCFJ�T[Z@Z�UH]-TVU � X?d:I��1!�L ��]:C#X?BDC#~ EGBHX?~ J#T[ZYJFd:ZYdKLMUHC#ZYZ@LOd:LNUH]-TVU EGX[B
T[I���U{§¡WYJFC�JFX?I�UcWYImd:X[d:LHZ ���:W@�}C#BDC#I�UcWYT[�:Z@CiEGd:I:JFUHWYX?I

f(x, y)
#
fxy = fyx

>�£�|:|:Z@�3W@I��
Uc]:W@L�BHCFLHd:Z U�LD]:X�§¡L�dKL¡UH]-TVU

∂hi(p, u)

∂pj
=

∂2e(p, u)

∂pi∂pj
=

∂2e(p, u)

∂pj∂pi
=

∂hj(p, u)

∂pi

T[I:��]:C#IKJ#C
Dp(p, u)

W@L�LD�3~�~�C�UcBHW@J[>
�

¤-X?B/I:C ��TVUcW �?C LDC#~�W �r�:C��-IKW@UcCFI:C#LDLO#-BDC#J�TVZYZ}UH]:C �:C��-I:W UcWYX[IlUc]-TVU�T[I
n× n

LD�3~�~�C�UcBHW@J
~�T UcBHW �

D
W@L � " 
 ��� ��� " � " � � � + " 	8�=� � " W@EOEGX?B TVZYZ z ∈ R

n # z · Dz ≤ 0
> ¤-BHX[~

|:BHX[|}X?LDW@UHWYX?I =�PQ#
e(p, u)

WYL TOJ#X?IKJ�T��?C�EGdKI:JFUHWYX?I�X[E
p
> ��]:WYL WY~�|:Z@WYC#L)Uc]-TVU

D2
pe(p, u)WYL�I:C ��TVUHW@�?COLDC#~�W �{�KC��-I:W UcC P LHCFCMUH]:CMT[|:| C#I:�:W �4�¥X[E�� � � EGX[B¡T�|:BDX�XVE�> R
�

� ��� � "��
� ]-TVU W@L ~�X?LDU LHd:BD|:BHW@LHW@I�� ]:CFBHClW@L Uc]:C�LD�3~�~�CFUHBD��X[E�Uc]KCl�:C#~�T[I:� ~�TVUHBHW � � UH]:C
CF�}C#J�UiX[E¡T�LH~�T[ZYZ�W@I:J#BDC�T[LDC�W@I�Uc]KC�|:BDWYJFC�X[E �?X�X3� ��X?I�UH]:C��md-T[I�UHW@U{���:C#~�T[I:�KC#�
X[E �[X�X3� �lWYL¡W@�:C#I�UcW@J�T[Z}UcX�CF�}C#JFU�X[E T�LDWY~�WYZ�TVB^WYIKJ#BHC#T[LHCMWYI Uc]KCM|KBHWYJFCNXVE��?X3X3� ��X?I
Uc]:C �md-T[I�UcW U{���KC#~�T[I:��XVE �?X3X��.�'> ��]md:LO#�Uc]:C��:C#BDW@�VTVUcW �?C¡X[E UH]:C #tWYJ*)mLHWYT[I��KC#~�T[I:�
EGX?Bt�:dKUHUHC#BA#}LHT���W@I )mWYZ@X��?BcTV~�LA#K§¡W@UH] BHCFLH| C#J�U UcX�Uc]:CN|:BHW@J#CMX[E�J#X[~�|-TVJFU��:WYL )3LA#}LHT��
WYI ��� �KWYL ) #-W@L/Uc]:COLcTV~�CMT[L�Uc]KCM�KC#BHW �VTVUcW �?C X[E)Uc]:C #�W@J*)mLHW�TVI��KC#~�T[I:� EGX?B�J#X?~�|-T[J�U
�:WYL )mL¡§¡W Uc] BHCFLH| C#J�U�UHX�UH]:CO|:BHW@J#COX[E)�:dKUDUcC#B¡W@I ��� )mWYZYX��?BcT[~�>
��]:Ci|:BDX?| X?LHW UcWYX[I T[Z@LHX�C#I:JFX?~�|:T[LHLDC#L §¡W@UH]:WYI
W@U�T��:W ��CFBHC#I�UHW�T[Z�EGX?BD~ XVE Uc]:C Z�T�§�X[E
�:C#~�T[I:��>i¤-X?BO#}Uc]:C BHTVUcCiXVE J ]:T[I��?C�X[E�Uc]KC2#�WYJ*)mLDW�T[I��:CF~�TVI:��EGX?B �?X3X��

j
T[L UH]:C

|:BHW@J#C
pj
WYI:JFBHC�TVLHC#L¡W@L

∂hj/∂pj = ∂2e(p, u)/∂p2
j

#K§¡]KWYJ ]�WYL¡T �:W�T �?X?I-T[Z C#Z@C#~�C#I�U¡X[E
Uc]:C^~�TVUHBHW �

Dph
> ��]:C/�:WYT��?X?I:T[ZmC#ZYCF~�CFI�UcL XVE¦T�I:C ��TVUcW �?C LHC#~�W �r�:C��:I:W@UHC ~�TVUcBDW �NT[BDC

T[Z@§^T��3L IKX?I��{| X?LDW@UcW �?CV> �%XOLHC#C�§¡]�� #mZ@CFU
z = (0, ...0, 1, 0, ..., 0)

]-T��[C�Ti=¡X?I:Z � W@I�W@UcL
jth |:ZYT[J#CV> ��]:CFI�LDWYI:JFC

Dph(p, u)
W@L�I:C ��T UcW@�[C�LHCF~�W �{�:C��-I:W@UHC�#

0 ≥ zDph(p, u) ·z =

∂hj/∂pj
# |KBHX��3WYI���Uc]-T U�UH]:C

jth �KW�T��?X[I-T[Z CFZYC#~�C#I�U�WYL¡I:X?I3�{| X?LHW UcW@�[C[> ��]-TVU�WYLO#-UH]:C
#�W@J*)3LDW�T[I �:CF~�TVI:��EGX[B��?X�X3�

j
W@L/§^C#T�)mZ@�1�:CFJ#BDC�T[LDWYI���WYI1Uc]KCM|KBHWYJFC X[E �?X�X3�

j
>

�¦<
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JLKNMPODQSRTKVUXWZY\[X]^O`_XKaOb_cKDdeWgf�O`de]eK(O`_XKDW4Uhf�W`K(ikjlO`Y\[X]nmojpW`qZ_rjpisi\Ykjl[tjp[XuwvSY\xzy{q`Y\jp[
uXKD|;jp[Xu}jl[Xu�~Xq`Ys[X]aOb_XjlO�W`K(ikjlO`Y\de[cq`_XYs��ObdVucKDW`Y��eK�O`_XKB�Pis~cObqZy{f^KD�{~rjlO`Y\de[�Q9RG_XY\xz_
uXKDx(de|���deqZKDq,Ob_cK<KC��K(x(OLdp���XW`YsxDK@xz_rjp[c]eKDqSde[omojpW`qZ_rjpisi\Ykjl[�uXKD|;jp[Xu��

���9�������e���������#��� ��� �h�r¡ ¢ £
u ¤ ¢G¥/�§¦ ¤©¨ª¤ ¦¬«�­N�P®�¯C¦ ¤ ¡°®�±z£��²±b£z¢ £C®r¦ ¤ ®§³¥�¯z¡°®r¦ ¤ ®r�r¡°�h¢z´ ¨ ¡ ¯`¥ ¨©¨ «^®�¡°®rµ�¢D¥p¦ ¤ ¥p¦�£`¶	�²±z£·­¸£C±b£C®�¯z£	±b£ ¨ ¥p¦ ¤ ¡°® %

¡°®
Rn

+¥p®²¶ ¨ £C¦ pi > 0 ∀ i ¹�º!» £C®c´

¼ �¾½¿¡°±@¥ ¨©¨ p > 0
¥p®²¶

w ≥ 0
´
h(p, v(p, w)) = x(p, w)

¥p®²¶
e(p, v(p, w)) = w

À �¾½¿¡°±Á¥ ¨©¨ p > 0
¥p®²¶

u ≥ u(0)
´
x(p, e(p, u)) = h(p, u)

¥p®²¶
v(p, e(p, u)) = u

ÂHÃÅÄ!Ä�ÆbÇ@È ¼ÅÉËÊ Y�M;�XW`YsxDK(q
pi > 0 ∀ i

jp[Xu�RTK¸jpi�Ob_
w ≥ 0

jp[XuBi\KCO
x ∈ x(p, w)

�Ì�§Y\[Xx(K
u(x) = v(p, w)

jp[cu
p ·x ≤ w

QpY�OÍ�·deisi\d RGq�O`_rjlO
e(p, v(p, w)) ≤ w

� Ê dpWÍOb_XKËW`K(�pKDWZq`K
Y\[XK(�{~rjpi\Y�O�feQ1RËK;~Xq`KÎOb_cK&_hf§��dpO`_XKDqZY\qHdp�ÁisdPxDjpi�[Xde[PÏÐqbjlO`YkjlO`Y\de[��;ÑÐOHY\|��Xi\YsKDq¾Ò^jpi\W`jpqDÓ

ÔhÕ



� v��������
	��c�
�Gv�� �������S���������������,Ñ��/J

�1j¸R/QËq`d �·deWÎjp[hf
x′ RGYsO`_ p · x′ < w

QÌYsOÎ| ~XqgO�U�K4Ob_XjlO
u(x′) < v(p, w)

���PdXQ
e(p, v(p, w)) ≥ w

� � de| UXYs[XY\[X]HOb_XK(q`K<Y\|��Xi\YsKDqTO`_rjlO
e(p, v(p, w)) = w

jp[XuB_XKD[cxDK
Ob_XjlO

h(p, v(p, w)) = x(p, w)
�
�

È ÀpÉÎÊ Y�M �XWZY\xDK(q
pi > 0 ∀ i

jp[cu�OzjlW`]eKCO&~cO`Y\isYsO�f
u ≥ u(0)

jp[XutisK(O
x ∈ h(p, u)

�
�PYs[XxDK

u(x) ≥ u
Q�YsO �·dpi\i\d RGq O`_rjlO

v(p, e(p, u)) ≥ u(x) ≥ u
���TfoO`_XK��([Xd4KNMPxDKDqZq

~cO`Y\i\Y�O�f � �XW`de�²deqZYsObYsde[!Q§�·deWSjp[hf
x′ RGY�Ob_ u(x′) > u

Q
p · x′ > p · x = e(p, u)

���,_{~Xq(Q
v(p, e(p, u)) ≤ u

� �PdXQ
v(p, e(p, u)) = u

jp[cutYsOÎ�·deisi\d RGq Ob_rj°O
x(p, e(p, u)) =

h(p, u)
�
�

! ¹#"Á¹#$H¹
�,_XYsq¾W`K(q`~Xi�O@Y\qL�§~cYsObK q`Y\|��XisK jp[cuVY\[hOb~XY�ObY��eK4È jlO¾isK¸jpqgO/jl�©O`KDW dp[XK ~X[XucKDW`qgOzjp[cuXq@Ob_XK
i\d§x¸jli�[Xde[§Ï�qbj°ObYkj°ObY\dp[�xDde[cuXYsO`Y\de[ É �9ÑÐOGqbj¸f§qGOb_rjlOGY��

v(p, w)
Y\qÁO`_XK@|�deqZOG~cO`Y\isYsO�f�Ob_rjlO

jaxDdp[Xq`~X|�KDW�xDjp[ jpxz_XYsK(�eK4RGY�Ob_�RËKDjpisO`_
w
jlOÎ�XWZY\x(KDq

p
Q�O`_XKD[�Obd jpxz_cY\K(�pKB~cObYsi\YsO�f

v(p, w)
RGYsi\i,OzjlypKVRËKDjpisO`_ jlOBi\KDjpqZO

w
� �PYs|;YsikjpWZisfeQËYs�

e(p, u)
Y\q�O`_XK jp|�de~X[hO4dp�

RTK¸jpi�Ob_ÎW`K(�§~cY\W`K(u�O`d<jpxz_XY\KC�eKG~cO`Y\i\Y�O�f
u
QpO`_XKD[ÎOb_cKS|�deqgO�~cObYsi\YsO�fHj@xDdp[Xq`~X|�KDW�xDjp[;]pK(O

RGYsO`_4RËKDjpisO`_
e(p, u)

Ysq,KCMcjpxCObisf
u
�

$;%&% ' A4* (�+*)�.¿:18,+ E *G7�- F ./-H:�0C.100- 2

���9���¿�Ì�e�¬�Í�������21436587:9<;>=@?BADC67�E�9<F Ä2G ��� �h�r¡ ¢ £
u ¤ ¢ ¥�¯z¡°®r¦ ¤ ®rµ�r¡°�{¢Ë�§¦ ¤©¨ª¤ ¦ «9­N�P®�¯C¦ ¤ ¡°®�±z£��²±b£z¢ £C®r¦ ¤ ®§³/¥ ¨ ¡ ¯`¥ ¨©¨ «¾®�¡°®rµ�¢D¥p¦ ¤ ¥p¦�£`¶Ë�²±b£·­¸£C±b£C®�¯z£±b£ ¨ ¥p¦ ¤ ¡°® %

¡°®
R

n
+

¥p®²¶ ¨ £C¦ pi > 0 ∀ i
¥p®²¶

w = e(p, u) ¹�H ­ h(p, u)¥p®²¶
x(p, w)

¥p±b£a¢ ¤ ®§³ ¨ £C¦ ¡°®rµ � ¥ ¨ �r£`¶ ¥p®²¶t¶ ¤ I £C±b£C®r¦ ¤ ¥KJ ¨ £V¥p¦ (p, u, w)
´

¦ » £C® ­¸¡°±H¥ ¨©¨ i, j
´

∂xi(p, w)

∂pj
=

∂hi(p, ū)

∂pj
−

∂xi(p, w)

∂w
xj(p, w).
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ÂHÃÅÄ!Ä�ÆbÇ,�§OzjpWgObYs[X]�RGYsOb_4O`_XK/Y\uXK([{O`YsO�fpQ

hi(p, u) = xi(p, e(p, u))

i\KCO`ObYs[X]
w = e(p, u)

jl[Xu�ucYs��KDW`K([hObYkj°ObY\[c] RGYsOb_BWZKDq`�²KDxCOGObd
pj

]eYs�pKDq��

∂hi(p, u)

∂pj
=

∂xi(p, w)

∂pj
+

∂xi(p, w)

∂w

∂e(p, u)

∂pj
.

�P~XUXqgObY�Ob~cO`Y\[X]�Ys[&�·deWËO`_XK@ikjpqgOÁObK(W`| ~Xq`Ys[X]��P_XK(�X_rjpWZu!Ó qGisKD|�|&j (∂e(p,u)
∂pi

= hi(p, u)
)

jp[XuBOb_XK/YsuXKD[hObY�O�f
hi(p, u) = xi(p, w)

]eY��eKDq,O`_XK/W`KDqZ~XisOD�
�

! ¹#"Á¹#$H¹
�,_XK;�Pi\~PObq`yhfoKD�{~rjlO`Y\de[VYsq¾Y\[hObK(W`K(qZObYs[X]4�·deW O�RTdBW`K¸jlq`de[Xq(� Ê YsW`qgO¸Q!Y�O@]eYs�pKDq/j È©� jpY\WZisf
q`Ys|;�XisK É W`KDi\jlObYsde[XqZ_XY\��U�KCO�RËK(KD[�O`_XK�vSY\xzy{q`Y\jp[ jp[Xu mojpWZq`_rjli\i\Y\jp[oucKD|;jp[XuXq(��m�deWZK
Y\|���dpWZOzjl[{O`isfpQ²Y�O@jpisi\d RGqS~Xq¾Obd4jl[rjpisf��(K Ob_XK W`KDqZ��dp[Xq`K�dp�Tm�jpW`qZ_rjpi\isYkjp[�uXKD|;jp[Xu�Obd
�XW`YsxDK/xz_rjp[c]eKDq(QrUXW`KDjpy{Y\[X]�YsO,ucdÅRG[�Y\[hObd O�RTd&ucY\qZO`Y\[XxCO,K(��KDxCObq��

∂xi(p, w)

∂pi︸ ︷︷ ︸�	�
�	�
��
���
����

=
∂hi(p, u)

∂pi︸ ︷︷ ︸
�	����� ��� � � �	������
���
����

−
∂xi(p, w)

∂w
xi(p, w)

︸ ︷︷ ︸
� 
 �
� �	!"
���
����

� [4Ys[XxDWZK¸jpqZK Y\[
pi
uXd§KDqTO�RËd O`_XY\[X]pqD�9ÑÐO,xDjp~XqZKDqÁOb_cK xDdp[Xq`~X|�KDWTObd;¢C��JC¢C¦ ¤ ¦ �§¦ £<j¸RËj¸f�·W`de|

i
Obd RËjpW`uwdpO`_XKDW&W`KDi\jlObY��eK(isf xz_XK¸jl��K(W4]edPd§uXq(� �L[Xu q`K(xDde[Xu�Q YsO�|&jpylKDq�O`_XK

xDde[cq`~X|�KDW��²dPdeWZKDW(Qhjp[Xu�Ob_cY\q$#Ë£`¥ ¨ ¦ » £ I £z¯C¦9jpisq`d@xz_rjl[X]eKDq�_XYsq�uXKDqZY\WZKDu�xDde[XqZ~X|��cObYsde[
% ��dlObKD[hO`Ykjpisisf;Y\[Bj�RÁj¸f�O`_rjlOSxDde~c[{O`KDW`jpx(O`qSO`_XK/q`~XUXqgObY�Ob~cO`Y\de[4KC��K(x(O¸�
�,_XKÎ�Pis~cObqZyhfoK(�§~XjlObYsde[ox(de[hOzjpYs[XqLRGY�Ob_XYs[oYsOLj&qZ~X]e]eK(qZO`Y\de[VjlU�de~PO _Xd R Obd�ObK(qZO¾O`_XK
q`~XUPObi\K(qZOB�XWZKDuXYsx(O`Y\de[ dp�<x(de[Xq`~c|;K(W4xz_XdeY\x(KaOb_XK(deWZfp�'&@Ys�eK([ KD[Xdp~X]e_wurjlObj�jpU�dp~cO
x(p, w)

Q�de[cK x¸jl[auXKDWZYs�pKHOb_cK |;jlObWZY�MBdp��ucKDW`Y��ljlObY��eKDq
Dpx

jp[XuVjpucuoObd;K¸jpxz_aO`KDW`|
Ob_XK@x(deW`WZKDqZ��de[cuXY\[X]�RTK¸jpi�Ob_BK(��KDxCOGObd�W`K(xDd �eK(WSO`_XK@|;jlObWZY�M;dp�¿q`~XUcqZObY�Ob~cO`Y\de[BKC��K(x(Obq(Q
RG_XY\xz_�x(deW`WZKDqZ��de[cuXq Obd

Dph
� ÑÐ�GxDde[cq`~X|�KDWZqÎjpW`K�|;j°MPY\|�Y	�(Y\[X]cQ1O`_XKD[nO`_XK4|;jlObWZY�M

deUcObjpY\[XK(uBY\[4Ob_rj°O,RÁj¸fB| ~XqgOSU�K@qgfP|�|�K(ObWZY\x�È jp[Xu	[XKD]hj°ObYs�pK@q`K(|;Y Ï�uXK�(r[XYsO`K É �
L*)
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mojp[hf�KDx(de[Xde|�Y\qgObq<_rj¸�eK4W`K(]hjpWZuXKDu^O`_XY\qHjp[rjlisf§q`Ysq jp[Xu^YsObq<qZf§|�|;KCObWgf�x(de[Xx(i\~XqZY\de[
jpq	jnObWZY\~X|��X_ �·deW�Ob_cK ~cq`K dp� �·deWZ|&jli |�K(Ob_cdPuXqBYs[ K(xDde[cde|;YsxDq(� �,_cK�jl[rjpisf§qZY\q
uXd§KDqÎuXK(|;de[cqZObW`jlObK�O`_XKB��dpq`q`YsUXY\isYsO�f�dp�L~Xq`Ys[X]VOb_XK(deWZfnO`d uXKDWZYs�eKBqZ~XUcObisKpQÌObKDqgOzjpUci\K
Y\|��XisY\x¸j°ObY\dp[Xq Ob_XjlO _XjpunU²KDKD[�Ys[h�PYsq`YsUXi\K�Obd�W`K(q`K¸jlW`xz_XK(W`qÎ~Xq`Ys[X]�O`WbjpucYsObYsde[rjpi9�pKDWZUrjpi
jp[Xu�]eWbjl�X_XY\xDjpiG|;KCOb_Xd§uXq(�wvLY\qgObdeWZY\xDjpi\i�feQ�Ob_rjlO&jpWZ]e~X|�KD[hO;RËjpq;�§~cYsObK	Y\[��r~XKD[hO`Ykjpi¬Q
UX~cOBY�Obq�Ys[��r~XK([XxDK(uw_rjpq4i\K(q`qZKD[XK(u d �eK(W4ObY\|�Kp� � WZYsObYsxDq�O�fP�cY\x¸jli\isf�xDdp~X[hObKDW4Y�O4Uhf
deUXqZKDWg�PYs[X];O`_rjlOG�·deWZ|&jpi�WZKDqZK¸jpWZxz_a_rjpqL]eKD[XK(WbjlO`KDu	�·K(R q`~cxz_axDde[cxDi\~cq`Y\dp[Xq jl[Xu�O`_rjlO
Ob_cK�|&j°MPYs|;Y��¸jlO`Y\de[�_{f§�²dpOb_cKDq`Ysq/de[VRG_XY\xz_�jpi\iÍjpW`KÎUrjlq`KDu � jpWZKDq/��d§deWZisf	Y\[ xDK(WZObjpY\[
ikjlU�deW`jlObdpWZf;KCMP��K(W`Ys|;K([{O`qD�
Ê Ys]e~XW`K �c� ¼ Ysi\i\~cqZObW`jlObK(qLO`_XK;�Pi\~cO`q`yhfVK(�§~XjlObYsde[!Q�uXK(xDde|���dpq`Y\[c]�Ob_XKÎuXK(|&jp[cu KC��K(x(O
dp� j��XW`YsxDKVxz_rjp[c]eK Y\[hObd}q`~cUXqZO`YsOb~PObY\dp[ jl[Xu RËKDjpisO`_ KC��K(x(Obq(� Ê Y�MPY\[c]nRËKDjpisO`_

w
Q

RG_XK([ O`_XK4�XW`YsxDK4uXWZde�Xq��·W`dp|
p = (p1, p2)

Obd
p′ = (p

′

1, p2)
RGY�Ob_

p′1 < p1
Q�Ob_XK

uXK(|&jp[cu�xz_rjl[X]eKDq<�·W`de|
x
Obd

x′ � �1KCO`O`Y\[X] u = v(p, w)
jp[Xu

u′ = v(p′, w)
Q�[XdpObK

Ob_XjlO
x = h(p, u)

Q,jp[cu
x′ = h(p, u′)

� �,_XK([tOb_XK�q`_XY��©O;�·WZde|
x
Obd

x′ x¸jp[ U�K
uXK(xDde|���dpq`KDuojpqG�·dei\isdÅRGq(���,_cKÎ¢C��JC¢C¦ ¤ ¦ �§¦ ¤ ¡°®�£ I £z¯C¦ÁY\q,O`_XKHx(de[XqZ~X|;K(WDÓ q qZ_XYs�©OLjpisde[X]_XK(W�Y\[XucYs��KDW`K([XxDKoxD~XWg�eKa�·W`dp|

x = h(p, u)
O`d

h(p′, u)
jl[Xuwj #Ë£`¥ ¨ ¦ » £ I £z¯C¦�deW

¤ ®�¯z¡ � £�£ I £z¯C¦@Ysq<O`_XK;x(de[XqZ~X|;K(WDÓ q qZ_XYs�©O/�·W`dp| h(p′, u)
O`d

x(p′, w)
�&Òw_hf Y\q@O`_XY\q

q`K(xDde[cu KC��K(x(O	jnRËKDjpisO`_wK(��KDx(O�� �ËK(x¸jp~cq`K
h(p′, u) = x(p′, e(p′, u))

Ob_cKV|;d �eK
xDdpW`W`K(q`�²de[XuXq�O`d^Ob_cKaxz_rjp[X]pKVY\[tuXK(|&jl[XuwjlO��cW`Y\x(KDq

p′
�·W`de| Y\[cxDW`KDjpq`Ys[X]^RTK¸jpi�Ob_

�·W`dp|
e(p′, u)

Obd
w = e(p′, u′)

�
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x
x′

h(p′, u)

Ê Y\]e~cW`K �c� ¼ �9Ò�K¸jpi�Ob_	jp[Xu��P~XUcqZObY�Ob~cO`Y\de[��9��KDx(O`q
L��
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� de[XqZY\uXK(WGO`_XK@�·dei\isd RGY\[X] ucK�(r[XY�ObYsde[Xq �

�	��
r���,���������
����Ä�Ã�� E 5����*G1Æ��{Ã F·Ä�Ã��4Ä!Ä�� &@dPd§u
i
Y\q�j�[XdeW`|;jpiS]ed§dPu�Ys�

xi(p, w)
Ysq�Y\[Xx(W`K¸jlq`Y\[c]<Ys[

w
� &@d§dPu

i
Y\qÌjp[�Y\[c�·K(W`Y\dpW9]ed§dPu�Ys�

xi(p, w)
Y\q�uXK(xDWZK¸jpqZY\[X]

Y\[4R/�

�	��
r���,���������
�������@7�5 EXÃ �!� F#"$� G%��Ä!Ä�� &/d§d§u
i
Y\q�jGW`KD]p~XikjpW1]ed§d§uHY��

xi(p, w)Y\q,uXK(xDWZK¸jpqZY\[X]�Y\[
pi

� &/d§dPu
i
YsqGj &@Ys��KD[4]ed§d§u	Y��

xi(p, w)
Ysq,Y\[Xx(W`KDjpq`Ys[X]ÎY\[

pi

�

�	��
r���,���������
��367'& ;*9 F 9<7:9(�)�+*HÄ,�.- 5#�/�0� G@9 &/d§dPu
i
YsqÍj qZ~XUXqgObYsO`~cObKT�·deW�]pdPd§u

j
Y��

hi(p, u)
Y\qÁYs[XxDWZK¸jpqZY\[X]�Ys[

pj

� &@d§dPu
i
Ysq,j xDdp|;�XisKD|�KD[hOÁ�·deWË]edPd§u

j
Ys�

hi(p, u)Y\q,uXK(xDWZK¸jpqZY\[X]�Y\[
pj

�

�	��
r���,���������
�1�4ÃÅÄ2; ; 3672& ;*9<F 9<7:9(�)�!*HÄ!�0- 53�/�0� G@9 &@dPd§u
i
Ysq,j ]eW`dpq`q,q`~cUPÏ

qZO`YsOb~PObKÁ�·deW�]ed§d§u
j
Ys�

xi(p, w)
Y\q�Ys[XxDWZK¸jpqZY\[X]@Ys[

pj

� &/d§dPu
i
Ysq�j@]eW`deqZq�xDde|��Xi\K(|;K([hO

�·deW,]ed§dPu
j
Ys�

xi(p, w)
Y\qGuXKDx(W`KDjpq`Ys[X]ÎY\[

pj

�

Ê Y\]p~XW`K��P� À q`_cdÅRGqGRG_rjlOG_Xjp�X�²KD[Xq,Obd;mojlW`q`_Xjpi\isYkjp[�ucKD|;jp[Xu4RG_XKD[��XW`YsxDK(q,xz_rjp[X]eKl�
vLK(W`KpQ{jlq9Ob_XKÁ�cW`Y\x(KÁdp��Ob_cK (rW`qgO�]ed§dPu ucKDxDWZK¸jpqZKDq(QXmojlW`q`_Xjpi\isYkjp[HuXKD|;jp[Xu�qZ_XYs�©O`qÍ�·W`de|
x
Obd

x′ O`d x′′ ��Ñ�[ Ob_XYsqÍ�XYsx(O`~XW`KlQlOb_cK (rW`qgO�]ed§dPuHY\q�W`KD]p~XikjpW % jlq9YsO`qÍ�XWZY\xDKTuXKDx(W`KDjpq`K(qDQ
Ob_XKTuXKD|;jp[XuH�·deW�Y�O¿Y\[Xx(W`K¸jlq`KDq(��JLdlObKÁjli\q`dGOb_XjlO�jpq¿Ob_XKT�XW`YsxDKÌdp�r]ed§d§u de[XKTuXKDx(W`KDjpq`K(qDQ
Ob_XK�mojpW`qZ_rjpisi\Ykjl[�uXK(|&jl[Xuo�·deWSOb_XK qZKDx(de[XuV]ed§dPuajpi\qZd&Y\[cxDW`KDjpq`K(q �Sq`d4]ed§d§uXq

i
jp[Xu

j
jpWZK@]eW`deqZqGxDde|��Xi\K(|;K([hObqD�
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Ê Y\]p~XW`K �c� À �
� ��KDW � ~XWg�eKDqLdeW���W`YsxDK �ÍMc�Xjp[Xq`Ysde[ �ÍjlO`_

�¿WbjpuXY�ObYsde[rjpi�K(xDde[Xdp|;YsxDqLO`KCM§ObU²d§dey{q¾x¸jpisi¿j&�rjpYsWLdp��]pdPd§uXq qZ~XUXqgObYsO`~cObK(q¾deWLxDde|��Xi\KNÏ
|�KD[hObqHUrjpq`K(u}de[^Ob_cKDY\W vLYsxzy§qZYkjp[^uXKD|;jp[XuXq jp[Xu�WZKDq`K(WZ�pK�Ob_XK&O`KDWZ|;q �(]eW`dpq`q qZ~XUPÏ
qZO`YsO`~cObK(q ��jl[Xu �(]pW`deqZq&xDdp|;�XisKD|�KD[hObq �4�·dpWÎO`_XKoWZKDi\jlObYsde[XqÎUrjpqZKDutde[tmojpWZq`_rjpisi\Y\jp[
uXK(|&jp[cuXqD� �¿KDW`_Xjp�XqËO`_XK WZK¸jpqZde[&�·deW�Ob_XYsqËYsqÌO`_rjlOÌOb_XK vLY\xzy{qZYkjp[�i\jp[X]e~Xjp]eKGY\qTK¸jpqZY\KDW(Q
U²KDx¸jl~Xq`K&O`_XK4vSY\xzy{q`Y\jp[nq`~cUXqZO`YsOb~PObKDq�x(de[XuXY�ObYsde[^Ysq joqgfP|�|�K(ObWZY\x�de[XKlQ�q`dVde[XK;x¸jp[
q`Ys|;�cisf	qbj¸faO`_rjlO �(]pdPd§uXq

i
jp[cu

j
jpWZK�q`~XUXqgObY�Ob~cO`KDq � RGYsO`_Xde~cO¾[XKDK(uXY\[X]4O`d4q`�²KDxDY��©f

RG_XYsxz_aY\q j&q`~XUcqZObY�Ob~cO`K �·deWGOb_XK dpOb_XK(WD���,_XK�xDde[cuXYsO`Y\de[	Y\qLqZf§|;|�K(O`W`YsxHU²KDxDjp~Xq`KlQ�jpq
�XWZK(�§Y\de~cq`isf&q`_Xd RG[ �

∂hi(p, u)

∂pj
=

∂hj(p, u)

∂pi
.

Ñ�[/xDde[hO`WbjpqgO¸QÅOb_XK�]eWZdeq`q1qZ~XUXqZO`YsO`~cObK�x(de[XuXY�ObY\dp[@Y\q![XdlO1]eKD[XK(WbjpisisfLqZf§|�|;KCObW`YsxpQ U²KDxDjp~Xq`K
Ob_cK/RTK¸jlisOb_BKC��K(x(OLde[

xi(p, w)
xDjp~XqZKDuoUhf	jp[BYs[XxDWZK¸jpqZK<Ys[

pj

Y\q,[XdlOL]pKD[XK(Wbjpisisf�Ob_XK
qbjl|;K/jpq,O`_XK@RËKDjpisO`_	KC��K(x(OLde[

xj(p, w)
x¸jp~cq`KDu	Uhf	jp[BY\[Xx(W`KDjpq`K/Y\[

pi

�

∂xi(p, w)

∂w
xj(p, w) 6=

∂xj(p, w)

∂w
xi(p, w).

Ñ�[ox(de|�|;de[	�XW`jpx(O`Y\xDKlQrRG_XKD[adp[XKHq`j¸fPqLOb_rjlOGO�RTd�deWS|;dpW`K/]ed§dPuXqSjpWZK �C]eW`deqZqLqZ~XUPÏ
qZO`YsO`~cObK(qDQ �,dp[XKG|;KDjp[Xq9Ob_XjlO�K¸jpxz_�]ed§dPu�Ysq�j@]eW`deqZq�q`~XUcqZObY�Ob~cO`K,�·deW�K¸jpxz_�dpO`_XKDW�]ed§dPu��
�@KDK(�oY\[B|�Y\[Xu4O`_rjlOSK(�pKD[oY��Í]pdPd§uXqSjpW`K/qZ~XUXqZO`YsO`~cObK(qLYs[�de[cK<W`jp[X]eK/dp�Í�XW`YsxDK(qDQrOb_XKCf

)��



�c���c� �D�Ìm � J � 	�� �:���,Ñ��@J¾�cvSÑ �T���@m �@J &�& � � �@�

|&j¸f�qZO`Y\i\i¿U²K�xDde|��Xi\K(|;K([hObqL�·dpW@jp[XdpO`_XKDW Wbjp[X]pKp�/Òw_XKD[VObYs]e_hO@i\dp]eY\xDjpi¿jpW`]e~c|;K([{O`q
jpW`KTW`K(�§~cY\W`K(u!QeU²KDqgO��XWbjlx(ObYsxDKTY\q1Obd¾uXK(q`x(W`Y\U²K,jpqZq`~X|��cO`Y\de[Xq¿Y\[ �XW`K(xDY\qZKË|;jlOb_cKD|;jlObYsx¸jpi
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Ò�KDis� jlW`KKD[Xx(KDqËjpW`KSi\d§x¸jpisisfH[Xde[PÏÐqbjlO`YkjlO`KDu;jp[Xu;Y\[h�eK(qZObYs]hjlO`KGO`_XKS�§~cKDqZO`Y\de[ �9_Xd R | ~Xxz_&U�KCO`ObK(W
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p
Obd
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u = v(p, w)

U�KLOb_XKLi\K(�pKDi�dp�1~cObYsi\Y�O�fÎjpxz_XYsK(�eK(u4�XW`YsdeW�Obd O`_XK¾�XWZY\xDK
xz_rjp[c]eKpQ� de|���K([XqbjlO`Y\[X]

�ÌjpW`Y\jlObYsde[
� de|���K([Xqbj°ObY\[c]��ÌjlW`Ykj°ObY\dp[

= e(p, u) − e(p′, u) = w − e(p′, u) .
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q`~c|;K(W/jpq¾Ob_XKÎ�XWZY\x(K�xz_rjp[X]eKÎ_rjlu!� ��K(OZObY\[c]

u′ = v(p′, w)
U²K�Ob_XK�isK(�eK(i�dp�T~cObYsi\YsO�f

)��
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jpxz_XYsK(�eK(uajl�©O`KDWÁO`_XK/�XW`YsxDK/xz_rjp[X]pKp� ���{~XYs�ljpisKD[hO
�ÌjpWZYkjlO`Y\de[

���{~XYs�ljpisKD[hO �ÌjpW`Y\jlObYsde[
= e(p, u′) − e(p′, u′) = e(p, u′) − w.

�,_rjlO Y\qDQ¿KD�{~XY��ljpi\K([{OH�ljpW`Y\jlObYsde[aObK(i\i\q<~XqH_Xd R | ~Xxz_n|�deW`KÎ|�de[XKCf O`_XK&x(de[XqZ~X|;K(W
RËdp~Xi\u	_rj¸�eK/[XK(KDuXK(uofeK(qZObK(W`urj¸fBObdÎU²K/jpq,RËK(i\i�dp�VjpqGq`_XK/Y\qÁO`dPuXj fp�
Ê Y\]p~XW`K ¼�� � ¼ Ysi\is~XqZO`WbjlO`KDq/xDde|��²KD[Xq`jlObYs[X]	�ljpWZYkjlO`Y\de[V�·deW<j	q`YsO`~rjlO`Y\de[ RG_XKDWZK&de[cisf j
q`Ys[X]ei\KB�XWZY\x(K % Ob_rjlO;dp�¾O`_XK (XW`qZO&]ed§dPu % xz_Xjp[X]eK(qD� Ñ�[ Ob_XYsq (X]e~XW`KlQÁOb_XYs[Xy�dp�
Ob_XK q`KDx(de[Xu ]ed§dPuojpq@j�xDdp|;�²deq`Y�ObKH]edPd§u�È·Y�� Kp�@KNMc�²KD[cuXYsO`~XW`K(q@de[ jpi\i¿dpO`_XKDW¾Y�ObK(|;q É
|;KDjpq`~cW`KDu�Ys[^uXdpi\ikjlW`q � �/��W`YsxDKDqHxz_rjp[X]pK&�·W`de|

p
Obd

p′
RG_cKDW`K

p′1 > p1

jp[Xu
p′2 =

p2 = 1
jl[XuVOb_XKÎUX~Xuc]eK(O<i\Ys[XK WZdpOzjlO`KDq@Ys[!� ��dBYsuXKD[hObY��©fax(de|;�²KD[cqbjlO`Y\[X]��ljpWZYkjlO`Y\de[!Q

RËK (XW`qZO$(X[Xu4Ob_XK RTK¸jlisOb_BWZKD�{~XY\WZKDu�O`dÎjpxz_XY\KC�eK/~cO`Y\i\Y�O�f
u
j°OÁ�XWZY\xDK(q

p′
QcY�� Kp�

e(p′, u)
Q

Ob_XK([ (r[Xu Ob_XK;uXYs��KDWZKD[Xx(K&U²K(O�RTKDK([nOb_XYsqHjl[Xu
w = e(p, u)

Q1Ob_cK&qZObjpWZO`Y\[X]	i\KC�eK(iÌdl�
RËKDjpisO`_!�
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Ê Ys]e~XW`K ¼ � � ¼ � � de|;�²KD[cqbjlO`Y\[X] �ÌjpWZYkjlO`Y\de[

Ê Y\]p~XW`K ¼�� � À uXYsq`�Xi\j¸fPq�KD�{~XY��pjli\KD[hO	�ljpW`Y\jlObYsde[ �·deW	O`_XKnq`jp|;K _hf§��dpO`_XK(O`Y\xDjpiH�cW`Y\x(K
� � �3�-��!34.4�A3S+�-9)��*e��(+!#�J* :U(U!3�=( : ���=\R���)O�:Z�.�=9 �=9)( �,:U��� !#�-O3')��(5�$�b')�=��4.�.�,A KL')�J7��=���3�

û(x1, y) =
max(x2,...,xn)∈R

n−1

+

u(x1, ...xn)
*=')E1N,(+7��Z�=�

p2x2 + ... + pnxn = y
B

)��
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Ê Y\]e~cW`K ¼�� � À �����{~XY��pjli\KD[hO �ÌjpWZYkjlO`Y\de[

&@KD[XK(WbjpisisfVqZ��KDjpy{Y\[X]XQ�xDde|��²KD[Xq`jlObYs[X]ojl[XunKD�{~XY��ljpi\K([{O<�ljpW`Y\jlObYsde[VRGY\isi�[XdpO U²KÎOb_XK
qbjl|;KlQ¿qZY\[Xx(K�Ob_XKCf jpW`K�Ob_cK;jl[XqZRTKDWZqHObd	uXY���K(W`KD[hO<�{~XKDqgObYsde[XqD� �,_XK(W`K�Y\qDQ1_Xd RTK(�pKDWDQ
de[XK&x¸jpqZK&�·deWHRG_cY\xz_nOb_cK(f^RGYsi\i�xDdpY\[Xx(Y\uXKl�aÑÐ�S�XW`KC�·KDW`K([XxDK(q�jpW`K;�§~Xjpq`Y Ï�i\Ys[XK¸jlWDQ�O`_XKD[
KD�{~XY��ljpi\K([{O<jl[Xu xDde|���K([Xqbj°ObY\[c]��pjlW`Ykj°ObY\dp[VjpW`K�YsuXKD[hO`Y\x¸jli�� � KD|�de[XqgObWbj°ObY\[c]�Ob_XYsq@Y\q
i\KC�©OGjpqSj�_Xde|�K(RTdeW`y�jpq`qZY\]e[X|�KD[hOD�
ÑÐ�¿Ob_XK/�XWZY\xDK@xz_Xjp[X]eKHjl��KDx(O`qGde[Xisf�j�q`Y\[c]ei\K¾]pdPd§u

i
QcRTKHxDjp[BW`K(ikjlO`K@KD�{~XYs�ljpisKD[hOSjp[Xu

xDdp|;�²KD[Xq`jlObYs[X] �ljpW`Y\jlObYsde[&O`d�O`_XK/vLYsxzy§qZYkjp[	uXK(|&jp[cu	Ys[4Ob_XYsq,q`Y\|��XisK RÁj¸f �

� �
= e(p, u) − e(p′, u) =

∫ pi

p′i

∂e(p, u)

∂pi
dpi =

∫ pi

p′i

hi(p, u)dpi ,

jp[XuBqZY\|�Y\ikjlW`isf

� �
= e(p, u′) − e(p′, u′) =

∫ pi

p′i

∂e(p, u′)

∂pi
dpi =

∫ pi

p′i

hi(p, u
′)dpi .

Ê Ys]e~XW`K ¼ � � ��q`_Xd RGqSOb_XKHvLYsxzy§qZYkjp[�uXKD|;jp[Xu�xD~XWg�eK(qL�·deWLj�qZY\[X]pi\K/]ed§dPu^È ]ed§d§u	dp[XK É
) L
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jlO@O�RTd�~cO`Y\isYsO�f	i\KC�eKDisq
u > u′ Q1jlq`q`~c|;Ys[X]4Ob_rjlO@O`_XK�]ed§dPuVYsq@[XdeWZ|&jpi¬� �¿d	Y\uXK([{O`Ys�©f

� � Q¿RËK�[cKDKDu�O`doY\[hO`KD]eW`jlObK�Ob_XK4jlW`K¸j	ObdoO`_XK&isK(�©O dl�,Ob_XK
h1(·, u)

x(~XWZ�pK&U²K(O�RTKDK([
p1

jp[Xu
p′1
� �PY\|�Y\i\jpW`i�feQ2� � x(deW`WZKDqZ��de[cuXq@Obd�Ob_cK;jlW`K¸j�O`d�Ob_XK�isK(�©O/dp��Ob_cK

h1(·, u
′)U�KCO�RËK(KD[

p1

jp[cu
p′1
�

6

- x1

p1

p′1

p1

h1(·, u
′) h1(·, u)

Ê Ys]e~XWZK ¼�� ��� � 	GKDikj°ObY\[c] Ò^K(is� jpWZK¾Obd � K(|&jp[cu

�Tf�x(de[XqZO`W`~XxCObYsde[!Q
w = e(p, u) = e(p′, u′)

� �,_XY\qÎjpisi\d RGq�~Xq�Obd x(de[XxDis~XuXK4Ob_XjlO
x(p, w) = h(p, u)

jl[Xu
x(p′, w) = h(p′, u′)

���,_XYsq¾W`K(ikjlO`Y\de[�Y\q¾�ci\dpOZObKDuoY\[ Ê Ys]e~XWZK
¼�� ���X�

6

- x1

p1

p′1

p1

h1(·, u
′) h1(·, u)

x1(·, w)

Ê Ys]e~XWZK ¼�� ��� � 	GKDikj°ObY\[c] Ò^K(is� jpWZK¾Obd � K(|&jp[cu
) )
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Ê Ys]e~XW`K ¼�� ����q`~X]p]eKDqgObq4Ob_rj°OBjp[XdpO`_XKDW4|�K¸jlq`~XWZKVdp�<xDde[XqZ~X|�KDW�RTKDis� jlW`Ka|�Y\]e_hO&U�K
deUcObjpY\[cKDu}Uhf�Y\[hObK(]eWbj°ObY\[c]aObd Ob_XKBi\KC�©O�dp�LOb_XK��V¥p±z¢ » ¥ ¨©¨ª¤ ¥p®t¶§£ � ¥p®²¶�¯C�§± � £C�nÒ^KuXK�(r[XK4Ob_XYsq % Ob_XK	jpWZK¸jaObdVOb_cK	isK(�©OÎdp�SOb_cKom�jpW`qZ_rjpi\isYkjp[^uXKD|;jp[Xu}xD~cWZ�eK % jpq� de[XqZ~X|;K(W

�P~XWZ�Xi\~Xq ¯z¡°®c¢C� � £C± ¢C�P±Ð� ¨ �h¢ ¹
� de[Xq`~c|;K(W �§~XW`�Xis~Xq

=

∫ pi

p′i

xi(p, w)dpi .

Ñ�[&K(|;�cY\W`Ysx¸jpi§RËdpW`y�Q§RG_cKDW`KSOb_XKSW`K(]eW`K(q`qZY\de[Xq�O�f§�XY\xDjpi\i�f �XWZd �PYsuXKSuXY\WZKDx(OÌK(qZObYs|&j°ObKDq�dp�
jLmojpW`qZ_rjpisi\Ykjl[@uXKD|;jp[Xu<xD~XWg�eKlQ{mojpWZq`_rjpisi\Y\jp[@xDde[cq`~X|�KDW¿q`~XWZ�Xi\~cq�Ysq�j,�eK(WZf<xDdp|;|�de[
|�K¸jpqZ~XW`K dl��xDde[XqZ~X|�KDW¾RTKDis� jlW`Kp� �,_XK(W`K�Ysq¾j�i\dp[X]lÏ�qgOzjp[cuXY\[X];uXKDUXjlObK Ys[VY\[Xuc~XqZO`W`Ykjli
deWZ]hjp[XY��¸jlO`Y\de[ jpq�Obd�RG_cKD[ mojpWZq`_rjli\i\Y\jp[ � de[Xq`~c|;K(W4�P~XWZ�Xi\~cq&Y\q;j^]ed§d§u�RTKDis� jlW`K
|�K¸jpqZ~XW`K<È©RGYsOb_�Ys|;�²deWgOzjp[hO��rjp�²KDW`q�Uhf ÒwYsi\isY\]HÈ ¼ � � Ô Q�� "���� jp[cuÎv jp~XqZ|&jl[oÈ ¼ �	� ¼ Q� "���� É � � de[XqZ~X|�KDW�q`~XWZ�Xi\~cq�_rjpqÌjp[�Y\|��²deWZObjp[hO�uXWbj¸RGUrjlxzy % YsO�ucdPK(q�[XdpO�_rj¸�eKLjp[
Y\|�|�KDuXY\jlObKGY\[hO`KDW`�cW`K(ObjlObYsde[�Ys[�ObKDWZ|;qËdp�¿~cObYsi\YsO�f�O`_XKDdpWZfeQXjpqÁuXd � � jp[Xu � � �XvLd RÁÏ
K(�pKDW(Qcde[XKL[XY\x(KL�·KDjlOb~XWZK % RG_XY\xz_&Y\qÁjl�X�rjpWZKD[hOÁYs[;Ob_cK (r]e~cW`K % Y\qÌOb_rj°O � de[cq`~X|�KDW
�P~XWZ�Xi\~cqÁY\qÌO�fP�cY\x¸jli\isf�jl[4Y\[hObK(W`|�KDuXY\jlObKS|;KDjpq`~cW`K O`_rjlO,isY\KDq�JC£C¦ #Ë£z£C®oxDdp|;�²KD[Xq`jlObYs[X]
jp[Xu�K(�{~XYs�ljpisKD[hO �ljpW`Y\jlObYsde[!� m	deW`K��cW`KDx(Y\qZKDisfpQ�de[}jp[hf^W`jp[X]eK;RG_XKDWZKBO`_XK�]ed§d§unY\[
�{~XKDqgObYsde[�Ysq,KDY�Ob_XK(W,[XdeW`|;jpi!dpW,Y\[c�·K(W`Y\dpWDQ�
ÁRËK<_rj¸�eK@Ob_cK/�·dpi\i\d RGYs[X] W`K(ikjlO`Y\de[cq`_XYs� �

min{CV, EV } ≤ CS ≤ max{CV, EV }.

�,_XYsqGO�f§�XYsx¸jpi1WZKDikj°ObY\dp[Xq`_XYs�BY\qGq`de|�K(O`Y\|�KDq,~XqZKDuoO`d
�Z~cqZObY��©f4xDdp[Xq`~X|�KDWSq`~cW`�Xis~Xq jlq j
RTKDis� jlW`K@|�K¸jpqZ~XW`Kl�
�,_XKÌ|;dpqZO1�XWZdeUXi\K(|&j°ObY\xÍ�rjpWZO¿dp�c~Xq`Ys[X]GOb_XK(q`KÌxDde[Xx(KD�cO`q��§K(�{~XYs�ljpisKD[hO��ljpWZYkjlO`Y\de[�Q xDde|�Ï
�²KD[Xq`jlObYs[X]��ljpW`Y\jlObYsde[!Q�jp[Xu xDde[cq`~X|�KDW@qZ~XW`�Xis~Xq��{Y\q O`_XKÎ�XWbjpxCObYsxDK dp�ÌqZY\|��Xisf�jpuXucY\[X]
~X�tO`_XKDqZK [{~X| U�K(W`qBjpx(W`deqZq�Y\[XucYs�§Y\uX~Xjpi\qÎObd�x(de|;�XjpW`Kad �pKDWbjli\iLRTKDi�� jpW`K��·W`de| O�RËd
�²dei\YsxDY\K(qD� ��jpylKD[oisYsO`KDWbjli\isfpQ§O`_XY\q,�cWbjpxCObY\x(K/Y\|��Xi\YsKDqËO`_rjlOGde[XK/qZ_Xde~Xisu�U²K/Y\[XuXY���K(W`K([{ODQ
Y\[VO`KDW`|�q/dp�TdÅ�pKDW`jpi\i9RTKDi�� jpW`KlQ¿U²K(O�RTKDK([n�²dei\YsxDY\K(q Ob_XjlO<W`KDucY\qZO`W`YsUX~cObKÎU²KD[XK�(XObq/�·W`dp|
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75!�* (I75!3�a�=9)( ���)(�%$'J!34.�.�,A8K�!3�.4 B

) �



¼ � � À � � �@J¾��� m4� 	 Ò � � Ê �D	��$�M�
	GÑ � �tÑ J �LÑ � �T�

Ob_XKHW`Ysxz_	O`d;Ob_cK �²dPdeWGdeW,�·WZde|�Ob_XK<�²dPdeW,O`d;Ob_cK W`Ysxz_!� �ËK(x¸jp~cq`K O`_XK(f	de|�YsOGuXYsqZO`W`Y�Ï
UX~cO`Y\de[rjli9Y\qZq`~XK(qDQ1Ob_XK(q`KÎ�pjlW`Y\dp~Xq@|;KDjpq`~cW`KDq<x¸jl[�uXd	[XdB|�deW`K O`_rjp[ ]eYs�pK;jl[�Ys[XuXKCM
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q`~X|�KDW/RTKDis� jlW`K�Y\q<deUcOzjlY\[XYs[X]BxDdeWZW`KDxCO |�K¸jlq`~XWZKDq dl�ÁOb_XK�]eWZdÅR,O`_ndp�TOb_XK;KDxDdp[Xde| fp�
�,_XKDWZK�jpW`KÎ|;jp[hfaq`~cUcObisK(ObYsKDq@Ys[{�pdeis�pKDu Y\[VO`_XY\q@|�K¸jpqZ~XW`K(|;K([hO¸Q�uXK(��K([XuXY\[c]	dp[ O`_XK
]ed§dPuXq/Ob_XjlO dp[XK;Ys[XxDis~XuXK(qHYs[�uXK(xDYsuXY\[X]ojpU²de~cO/RËK(is� jpWZKp� Ê deW<KCMcjp|��Xi\KlQ¿O`_XKDWZK�jpWZK
Y\|���dpWZOzjl[{OL�{~XKDqgObYsde[Xq/jpU²de~cO _Xd R�O`d4|;KDjpq`~XWZK �X~XUci\Y\xH]ed§dPuXqLY\[Xx(i\~XucY\[X];KD[h�§Y\W`dp[PÏ
|;K([hOzjpi²jp|�KD[XY�ObYsKDqDQ{q`jl�·K(O�fpQXjp[Xu;q`dHde[!�
�¾[XKSq`~XUcO`i\KSY\qZq`~XKLxDde[Xx(KDWZ[XqÁ_Xd R Obd jpu �Z~XqgO
�·deW/xz_rjp[X]pKDq<Y\[ Ob_XKÎxDdpqZOHdp�ÁisYs�§Y\[X]c� �,_rjlO<Y\q(Q�qZ~X�X�²deq`K�de[XKÎRÁjl[{O`q<O`d�y{[Xd R _cdÅR
| ~Xxz_�U�KCO`ObK(W/dp���²KDde�XisK�jpW`K��·W`dp| de[XK�fpK¸jpW/ObdBOb_XKÎ[XKNM§O¸Q¿]eYs�pKD[ Ob_rjlO<K(xDde[Xdp|;Ysx
]eW`d R,O`_n_rjpq<Y\[Xx(W`KDjpq`K(un��K(de�XisKpÓ q Y\[cxDde|�KDq;È·O`_rjlOHY\q(QÍ_rjpqHY\[Xx(W`KDjpq`K(u & ��� É � �@[cxDK
RËKÎ_rj¸�pK�|�K¸jlq`~XWZKDu Ob_XYsq¾Y\[Xx(W`KDjpq`KÎY\[VYs[XxDdp|;KlQ�RËKÎ[XK(KDu ObdBjpx(xDde~c[{OHjpisq`d��·deW¾jp[hf
xz_rjp[X]pKDqÎY\[��XWZY\x(KDq�d �eK(WÎO`_XK4qbjl|;K4�²KDWZY\d§u!� �,_§~cqDQTO`dV|;KDjpq`~cW`K4]eWZdÅR,O`_}Y\[�xDdp[PÏ
q`~X|�KDWÁRTKDi�� jpW`KlQPRTK/[XKDK(uBO`d �gjpu �Z~XqZO5	¾[Xdp|;Ys[rjpi²Y\[Xx(de|;KLUhf4j |�K¸jpqZ~XW`K@dp�1O`_XK¾xDdpqZO
dp��i\Y��§Y\[X] jp[Xu ~XqZKÁOb_XYsq9jpu �Z~XqZO`KDuÎ|;KDjpq`~cW`K/È·dp� � WZK¸jpi§Y\[Xx(de|�K3	 É Obd x¸jpisxD~Xi\jlObKT]eW`d R,Ob_��
�,_XY\qTUXW`Ys[X]eqT~XqËObdHOb_XKSObde�XYsx dp�!�XW`YsxDK Ys[XuXYsxDKDq(����d uXK�(r[cK@j �XWZY\xDKLY\[XucKCMaÈ¬jp[cu&Ob_XYsq
Y\qÌKDqZq`KD[hO`Ykjpisisf�RG_rjlOTOb_XK�� �¿�;uXd§KDqÌObd |�K¸jlq`~XWZK Y\[���jlObYsde[ É Qhde[XK ucK�(r[XK(q,j ��|&jlW`ypKCO
UrjpqZypK(O5	�dp�T]edPd§uXq % ]pdPd§uXq

1, 2, ..., n % jp[cu O`_XKD[ xDde|��rjpWZK Ob_XK(Y\W@�XWZY\x(KDq¾�·W`dp|
��K(W`YsdPuaO`d	�²KDWZY\d§u È �{~rjpWgObK(W`isfpQ�feK¸jlW`isfpQ!RG_rjlO`K(�eK(W É � ��K(O

p
U²K�Ob_XK��cW`Y\x(KDq/dp�ÌOb_XK(q`K

]ed§dPuXqF� U²K(�·deWZK3	 jl[Xu
p′
O`_XK��XW`YsxDK(q6�gjl�©O`KDW�	z� �,_XKDWZK�jpW`K UXjpq`Ysx¸jpisisfBO�RËd4RTKDisi �§y{[Xd RG[

RÁj¸f§q�Obd/�XW`d§xDK(KDu!�
�¾[XK,RËj¸fÎY\q9Obd/isdPdeyHjlO�O`_XKG�§~Xjp[hObYsO`Y\K(q�dp��O`_XKG]ed§dPuXq��c~XW`xz_rjlq`KDu
Y\[^O`_XK[��U�KC�·deW`K#	���K(W`Y\d§u!Q

x
Q�jl[XunxDdp|;�rjlW`K;O`_XK��XWZY\x(K&dp�,O`_XY\qHUrjpq`ylK(O�jlOHOb_XK;O�RËd

�XW`YsxDK/i\KC�eK(i\qD���,_cY\qGY\q,xDjpi\isKDuBj�
!¥°¢��r£C«l±b£z¢ ¤ ®²¶§£�
 �

�1jpq`�²K(f§WZKDqSÑ�[XuXKCM
=

p′ · x

p · x
,

))4
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� i�ObK(W`[rjlO`Ys�pKDisfpQ!de[XKÎxDjp[ i\d§deyoj°O@Ob_XKÎ�{~rjp[hObY�ObYsKDq@dp�ÌOb_XKÎ]ed§d§uXq¾�X~XWZxz_rjpqZKDunYs[aOb_XK
jl�©O`KDW,�²KDW`YsdPu�Q

x′ � �,_XYsq,Y\q,x¸jli\i\K(u	j��Á¥h¥°¢ ¯ » £ H ®²¶§£�
¿�

�Íjejlq`xz_XK<Ñ�[XuXKNM
=

p′ · x′

p · x′

Ñ�[a�XW`jpx(O`Y\x(KpQ²xDdeqgO@dp��isYs�§Y\[X]�Y\qSxDdp|;�X~PObKDuo~Xq`Ys[X]�q`dp|;K<�pjlW`Ykjl[{OSdp�Ìj �1jpq`�²K(f§W`K(q@deW
�Íjpjpq`xz_XKHY\[XucKCM��TÑ�[	Ob_XK(deWZfpQrOb_XK(W`K<Y\qSj�U²K(OZObK(WLjlisObK(W`[rj°ObYs�pKpQXRG_XYsxz_�Ysq,Obd�~Xq`K/RG_rjlO
Y\q x¸jpisi\KDu}jl[ ¤ ¶§£`¥ ¨T¤ ®²¶§£�
¿�^�PYs|;YsikjpW/ObdaO`_XKBY\uXKDjadp��� ��deW � � Q�jp[}Y\ucK¸jpiTY\[XuXKNM
xz_Xd§deq`K(qËqZde|;KSUrjpqZK¾i\KC�eK(i²dl��~cObYsi\Y�O�feQ{jp[Xu�jpq`y{qË_cdÅRw| ~Xxz_�|�deW`KSKCMP�²KD[XqZYs�eK YsOÌY\q�Obd
jpxz_XYsK(�pK/O`_XY\qG~cO`Y\isYsO�f;jlOG�XWZY\xDK(q

p′
Ob_rjp[�jlOG�XWZY\x(KDq

p
�

Ñ�uXK¸jpi�Ñ�[cuXKCM
=

e(p′, u)

e(p, u)

Q

RG_XK(W`K
u
Y\qÍjF� UXjpq`K#	ËisK(�pKDicdl��~cObYsi\YsO�f % O�f§�XY\xDjpi\i�f/KDYsO`_XKDW¿Ob_XKË~cObYsi\YsO�f¾Y\[ O`_XKM��U�KC�·deW`K#	

deW � jl�©ObK(W5	 ��K(W`Y\d§u!�
&@KD[XK(WbjpisisfBq`�²K¸jly§Ys[X]XQ![cKDYsO`_XKDWLOb_XK ��jejpqZxz_XK�deW O`_XK �1jpq`�²K(f§WZKDq@Ñ�[XuXKNM jpWZK@� YsuXK¸jli�	z�
�¿d�qZKDK/RG_hfeQ�i\KCO

u
U²K¾Ob_XK/~cO`Y\i\Y�O�f&Ys[4Ob_XK/U²K(�·deWZK@��K(W`Y\d§u!���,_XK([

�1jpq`�²K(f§WZKDq
=

p′ · x

p · x
=

p′ · x

e(p, u)
≥

e(p′, u)

e(p, u)
=
Ñ�uXK¸jli

(u)

�,_XKÎ�XWZdeUXi\K(|�Y\q¾O`_rjlOHjlO/�XWZY\x(KDq
p′
Q1Ob_cK�x(de[XqZ~X|;K(W@RGY\i\i�[XdpO<xz_Xd§deq`KÎObdBx(de[Xq`~c|;K

x
�^m�deqZOÎisY\ylKDisfpQ9Ob_XK(W`K4Ysq�jaxz_XK¸jl��K(WÎRËj¸f^O`d ]pK(O�~cO`Y\isYsO�f

u
� �,_cY\q�Y\q x¸jpisi\KDu�Ob_XK

¢C��JC¢C¦ ¤ ¦ �P¦ ¤ ¡°® J ¤ ¥°¢SU²KDxDjp~Xq`K�O`_XK,�1jpq`�²K(f§W`K(q/Y\[XuXKNMaucdPK(q@[XdpO/jpx(xDde~c[{O@�·dpW Ob_XK � jlx(OOb_XjlO,RG_XKD[��XW`YsxDK(qSxz_Xjp[X]eKlQrxDde[XqZ~X|�KDW`qGRGY\isi�qZ~XUXqZO`YsO`~cObK@ObdÎxz_XKDjp�²KDWS�XW`d§uX~XxCObqD�
�,_XK �Íjpjpq`xz_XKHY\[XucKCMBjli\q`dÎqZ~c��K(W`qG�·W`de| q`~XUcqZObY�Ob~cO`Y\de[BUXY\jpq �

��jejpq`xz_cK
=

p′ · x′

p · x′
=

e(p′, u′)

p · x′
≤

e(p′, u′)

e(p, u′)
=
Ñ�uXK¸jpiÐÈ

u′ É �

Ñ�[aOb_cK ikjpqgO¾uXK(x¸jpucKpQ!Ob_cK �Ë~XWZK¸jp~Vdp�
�1jpU²deW¾�§OzjlO`Y\qgObY\x(q |�K¸jpqZ~XW`K dp��Y\[��rjlObYsde[�È©Ob_XK
� de[XqZ~X|�KDW ��W`YsxDKÎÑ�[XuXKNM deW � ��Ñ É _rjpq@xDdp|;K�~X[cuXKDW/xDWZYsO`Y\xDYsq`|	� �¾[XK�dl�TO`_XK�|&jlY\[

� �



¼ � � À � � �@J¾��� m4� 	 Ò � � Ê �D	��$�M�
	GÑ � �tÑ J �LÑ � �T�

xDWZYsObYsxDYsq`|�qÌYsqTO`_rjlOÁY�OËqZ~c��KDW`qÁ�·WZde| q`~XUcqZObY�Ob~cO`Y\de[;UXYkjlqD� �,_XK(W`K@YsqËjpisq`d x(de[Xx(KDW`[4d �pKDW
Ob_XK � ��ÑË�·deW,qZK(�pKDWbjli¿dlOb_XK(W,W`K¸jlq`de[Xq(QrRG_XY\xz_	Y\[Xx(i\~XucK¾Ob_XK@�·deisi\d RGY\[X] UXYkjpqZKDq(�

•
� JLK(R &@dPd§u �ËYkjlq5	z��Òw_XKD[B[XKCR��XWZdPuX~cx(ObqGjlW`K@Y\[hO`W`d§uX~XxDK(u!QcRTK/de[Xisf;_rj¸�eK<j
�XWZY\xDK�Ys[VOb_XK�jl�©O`KDW@�²KDW`YsdPu�Q�UX~cO/[XdpO<Ys[aOb_XKÎU²K(�·deWZK��²KDWZY\d§u È deW@Y��Ì�XW`d§uX~XxCObq
uXYsqbjp�X�²K¸jlWDQPRTK¾_rj¸�pK¾Ob_XK¾dp�X��dpq`YsO`K �XWZdeUXisKD| É � �,_XK � ��ÑÌuXKDjpi\qËRGY�Ob_&O`_XY\qTUhf
RËjpYsO`Y\[X] Õ � ¼�� fpK¸jpWZq Obd jpuXunO`_XKDqZKB�XW`d§uX~XxCObqBÈ©�·deW KCMcjp|��XisKpQ�xDK(i\is~XikjpW/ObK(i\KNÏ
�X_Xdp[XKDq(QTWZY\xDK4y{WZY\q`�cY\KDqHObW`KDjlObq�x(KDWZK¸jpi É ObdaOb_cK4Y\[XuXKNM�� �Ë~cO O`_XKDqZKB�XW`d§uX~XxCObq
|;jpypK/~XqGU²K(O`O`KDWGdp��QX|�K¸jp[XYs[X] Ob_XjlO,Ob_XK � ��ÑËO`KD[XuXqGObdÎ~X[cuXKDWZKDqZO`Y\|;jlObK@_cdÅR
| ~Xxz_	U²K(O`O`KDWGdp�aRTK<W`K¸jli\isf&jpWZKp� � q`~XUXqgOzjp[hO`Ykjpi�U²dPuPf�dp��W`K(xDKD[hOLW`K(q`K¸jlW`xz_oYsq
�·d§xD~XqZKDu	de[�|�K¸jlq`~XWZY\[X] O`_XK@RËK(is� jpWZK<Ys|;�Xjpx(O,dl�Í[XKCR�]ed§d§uXqD�

•
	 �@~PObi\KCO �ËY\jpq5	b�/�,_XK�� �¿�^]ed§KDq�jpWZde~X[Xu}jl[Xu}|;KDjpq`~XWZKDq��XWZY\x(KDq Ys[n�pjlW`Y\dp~Xq
�Xi\jpxDK(qDQGOb_XK([wObjpypK(q	jp[wj¸�eKDW`jp]eKl� � �eKDW�O`_XKVikjlqZO À � feK¸jlW`qDQ ��K(de�Xi\Ko_rj¸�eK
qZObjpWZO`KDuHUX~cf§Y\[X]GOb_cY\[X]eq1xz_XKDjp�Xi�f<jlO¿�Xikjpx(KDq1i\YsypK�Ò^jpi\|;jpWZO�jp[Xu � deqZO`xDdX� �,_§~cqDQ
Ob_cK � ���4|;j f;ObK([Xu	O`dÎdÅ�pKDW Ï�KDqgObYs|&jlO`K@Ob_XK/�XWZY\xDK(q,��K(de�XisKHjlx(Ob~Xjpi\i�f&�rj¸fp�

�ËKDqZY\uXK(q �XWZY\x(KHYs[XuXKCMPK(qL�·deWLjpi\i�]pdPd§uXqDQ�Y�OLYsqGq`de|�K(O`Y\|�KDqG~Xq`KC�·~Xi1Obd&x(de[XqgObW`~cx(O¾�cW`Y\x(K
Y\[XucKCMPKDq��·deW�x¸jlO`KD]edpW`Y\K(q�dp��]pdPd§uXq�UrjpqZKDu;q`deisKDisf de[�O`_XKG�XW`YsxDK(qÌdl��Ob_cKL]ed§d§uXq�Y\[�Ob_XjlO
x¸jlO`KD]edpWZfe� Ê deW KNMcjp|;�ci\KpQ�de[XK |�Y\]e_hO _Xde�²K Obd�U²K��XW`K(xDYsq`KÎjpU²de~cO@qgOzjlO`KD|�KD[hObq@isY\ylK
�(KD[hO`KDWZObjpY\[c|;K([{OS]ed§d§uXq,_rj¸�eK<U�K(xDde|�K ¼���� |;deWZK@KCMP�²KD[XqZYs�eK �<RGYsO`_Xde~cOG_Xj �§Ys[X]�Obd
W`KC�·KDW,ObdÎ[Xde[§Ï�KD[hO`KDWZObjpY\[c|;K([{OG]pdPd§uXq,i\YsypK¾�·d§dPu�QX_Xde~XqZY\[X]cQrjp[Xu4ObW`jp[XqZ��deWgOzjlO`Y\de[��
Ñ�uXK¸jli\isfpQ¸RËK�RTde~Xisu<isY\ylK9de~XW!�cW`Y\x(K�Y\[XucKCM¾O`d,qZObjp[Xu/Y\[¾�·deW�|�deWZK9uXK(ObjpY\isKDu¾Ys[c�·deWZ|&jlO`Y\de[
Y\[n�ljpWZY\de~Xq x¸jpisxD~Xi\jlObYsde[Xq jl[Xu}KD|��XY\WZY\x¸jliÌqgOb~XucY\KDq(QTK(q`�²KDx(Ykjpisisf�x¸jpisxD~Xi\jlObYsde[XqHjpU�dp~cO
xDde[cq`~X|�KDW@RTKDis� jlW`KÎjp[Xu uXK(|&jl[Xu qZOb~cuXY\K(qD� ÒwYsO`_aOb_Xdpq`KÎY\[hOb~cYsObY��eK ]pdhjpi\q Y\[V|�Y\[Xu!Q
RËK/Ob~cW`[4Obd;j �·deW`|;jpi�O`W`KDjlOb|�KD[hO¸�
Ò^KLuXYs�§YsuXK,Ob_XKL]edPd§uXq

1, ..., n
U²KLuXY��§Y\uXK(u&Y\[hO`d<O�RTd ]eWZde~X�Xq(� �1KCOË]pdPd§uXq

1, ..., k
U�K

Ob_XK�de[cKDq1Y\[@Ob_cK�x¸jlO`KD]edeWgf@dp�PY\[hObK(W`K(qZO¸QÅRG_XYsxz_H_XK(W`K�RTKÌxDjpi\i �(KD[hObK(WZObjpY\[X|�KD[hO1]ed§d§uXqDQ �
RG_XY\isK,]ed§dPuXq

k+1, ..., n
uXKD[XdlObK,Ob_XK,dlOb_XK(WDQ{[Xde[PÏÐKD[hObK(WZObjpY\[X|�KD[hO�]ed§d§uXqD�¿Ò^KG|;jpypK

O�RËdajpq`qZ~X|;�PObY\dp[Xq jl[Xu^Ys|;�²deq`K�O`_XW`K(K&W`K(�{~XY\WZKD|�KD[hObq(� �,_XK�jpqZq`~X|��cO`Y\de[XqHjpWZKaÈ ¼ÅÉ
� �
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Ob_XjlO<xDde[XqZ~X|�KDW/�XW`KC�·KDWZKD[Xx(KDq jlW`KÎi\d§x¸jpisisf�[Xde[PÏÐqbjlO`YkjlO`KDu jp[Xu È ÀpÉ O`_rjlO/Ob_cKDW`KÎKNMcYsqZO
q`dp|;K,�XWZY\x(KDqTjlO�RG_XY\xz_ÎOb_cKLx(de[Xq`~c|;K(WÌ�cW`K(�·K(W`q�Obd/|;jpypKSj/��deqZYsO`Ys�eK,KNMP��K([XuXYsO`~XW`KSde[
KD[hO`KDWZObjpY\[c|;K([{OG]pdPd§uXqD���,_cKHqZKDxDdp[Xuojlq`q`~c|;�cO`Y\de[BWZ~Xi\K(qSdp~cO,ObWZYs�§Ykjpi�x¸jpqZKDq(�

�,_XK (rW`qgO�W`K(�§~cY\W`K(|;K([hO Y\q/Ob_XjlOHO`_XK�K([{O`KDWgOzjpYs[X|;K([hO �XWZY\x(K&Y\[cuXKCM�q`_cde~Xi\u�uXKD�²KD[cu
de[Xi�f	de[oOb_cK �XW`YsxDK(q

(p1, ..., pk)
dp��Ob_cK KD[hO`KDWZObjpY\[c|;K([{O¾]edPd§uXq jp[XuaqZ_Xde~XisuaU�K _XdlÏ

|�de]eKD[cKDde~XqÍdp��uXKD]pW`KDK ¼ Qeq`d¾O`_rjlO�uXdp~XUXi\Ys[X]¾jli\i{Ob_XKÁ�cW`Y\x(KDq�uXdp~XUXi\K(qÍOb_cKÁY\[XucKCM�� �,_XK
q`K(xDde[cu WZKD�{~XYsW`KD|�KD[hO Y\qLO`_rjlO@Y��9Ob_cK �XW`YsxDK(q¾dp��KD[hO`KDWZObjpY\[c|;K([{O¾]edPd§uXqLxz_rjp[X]eK Y\[Vj
RËj f	Ob_XjlO¾isK¸j¸�eK(q Ob_XK Y\[XuXKNM�~X[Xxz_rjp[c]eKDu jp[XuoYs�9O`_XK xDdp[Xq`~X|�KDW(Ó q Y\[Xx(de|;KHjp[Xu�Ob_XK
�XWZY\xDK(q�dp��[cde[PÏ�K([hObKDWgOzjpYs[X|�KD[hOÌ]edPd§uXq�WZKD|;jpY\[�~X[cxz_rjp[X]eK(u!QPO`_XKD[�xDdp[Xq`~X|�KDW�RTKDis� jlW`K
q`_cde~Xi\u^jpi\qZd�WZKD|;jpY\[ ~X[Xxz_Xjp[X]eK(u!�4Ò^K��·deW`| ~cikjlO`KÎO`_XY\q<jpq<Ob_XK�W`K(�{~XY\WZKD|�KD[hO O`_rjlO
Ob_cKSO�RTd x(de[XuXY�ObY\dp[XqSÈ ¼ÅÉ

P (p) = P (p′)
jp[cuVÈ ÀpÉ

pj = p′j
�·dpW

j = k +1, ..., n
Ys|;�cisf

Ob_XjlO@�·deW@jpisi
u
Q
e(p; u) = e(p′, u)

� �,_XYsW`u!Q�dp[XK�q`_Xdp~Xi\u U²K;jlUXi\K O`dBxDde|��X~cO`K Ob_XK
uXK(|&jp[cuXqH�·deW<[Xde[§Ï�KD[hO`KDWZObjpY\[c|;K([{O ]ed§dPuXq/�·W`dp|6O`_XK&�cW`Y\x(KDq<�·deWHO`_Xdeq`K;]ed§dPuXqHjp[Xu
Ob_cK��XW`YsxDK Ys[XuXKCM��·deW¾K([hObKDWgOzjpYs[X|�KD[hO/]ed§dPuXq(� �,_XY\q@Ysq �·deW`|;jpisY	�DK(uoUhfoO`_XK�W`K(�{~XY\WZKCÏ
|�KD[hOGOb_rjlOLxDdp[XuXYsO`Y\de[cq<È ¼ÅÉ jp[Xu^È ÀeÉ jpU²d �eK<q`_Xde~ci\uajli\q`dÎYs|;�Xi�f

hj(p) = hj(p
′)
�·deW

j = k + 1, ..., n
�

�,_XK�qZKDxDdp[Xu W`KD�{~XYsW`K(|;K([{O<jlU�d �eK�Ysq¾j�qZKD�rjpW`jpUXYsi\YsO�f	WZKD�{~XY\WZKD|�KD[hO¸Q�W`KD|�Y\[cY\q`x(KD[hO@dp�
Ob_cK de[XK<RËKÎjp[Xjpisf��DK(uaY\[�Ob_XK [cdpObKHde[axz_XdeYsxDK O`_XKDdpWZfe�@Ñ�[oxz_XdeY\x(K Ob_cKDdeWgfeQ!qZKD�rjpW`j°Ï
UXYsi\YsO�f�RËjpq,~XqZKDuBObd ucKDxDdp|;�²deq`K&¯ » ¡ ¤ ¯z£z¢ �ÍRTK@W`KD�{~XYsW`K(uBO`_rjlOÁO`_XK¾uXK(xDYsq`Y\dp[4|&jpylKDW(Ó qWbjl[Xy{Y\[X]ndl�/xz_XdeY\x(KDq&�·WZde| de[XKaqZK(O4uXd§KDq&[XdpO4uXK(��K([Xuwde[ O`_XKaxz_XdeYsxDK(q4q`�²KDxDY (rKDu
�·W`dp| jp[cdpOb_XK(W¾q`KCO¸� vLKDWZKpQ1q`K(�rjpW`jpUXY\isYsO�f	Y\q ~Xq`K(u O`d4uXKDx(de|���deqZK Ob_XK��cW`Y\x(K �eK(x(O`deW �
RTKSWZKD�{~XYsW`K,Ob_rj°O�Ob_XKÁRTKDi�� jpW`KGWbjl[Xy{Y\[X]@dp��KD[hO`KDWZObjpY\[c|;K([{OÌ�XWZY\x(KÁ�eKDxCObdeWZqTqZ_Xde~XisuÎ[XdpO
uXK(��K([Xunde[�[Xde[PÏÐKD[hObK(WZOzjlY\[X|�KD[hOH�XW`YsxDKDq(� � qHY\[ xz_XdeY\x(K;O`_XKDdeWgfeQ¿Ob_XYsqHqZKD�rjpW`jpUXYsi\YsO�f
Y\|��XisY\KDq j4�rjpWZO`Y\x(~XikjpW qZObWZ~Xx(O`~XW`KÎ�·deW¾O`_XKÎWbjp[Xy{Ys[X]4�·~X[Xx(O`Y\de[��{Ob_XK(W`K�j4~cObYsi\Y�O�f��·~X[cxCÏ
ObYsde[!Qh_XK(W`K,Ob_cKLKNMc�²KD[cuXYsO`~XW`KG�·~X[XxCObY\dp[!���PK(�rjpW`jpUXY\isYsO�f Y\|��Xi\YsKDq�O`_rjlO�Ob_cKDW`KSKCMPYsqZO�O�RËd
�·~X[XxCObYsde[Xq

P : R
k → R

jp[Xu
ê : R

2+n−k → R
Q�RGY�Ob_

ê
Y\[Xx(W`KDjpq`Ys[X]aY\[�Y�Obq (XW`qZO

jpWZ]e~X|�KD[hO¸QXqZ~Xxz_�O`_rjlO,�·deWGjli\i
p
jp[cu

u
Q

e(p, u) = ê(P (p), pk+1, ..., pn, u).

� d
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Ò^KÎisK¸j¸�eK�Ob_cK��cW`d§dp�Tjpq<jp[ KCMPKDWZxDY\qZKp� �Tf �P_cKD�rjpWZu!Ó q<isKD|�|&jPQ�RG_XKD[ q`K(�rjpW`jpUXY\isYsO�f
jp�X�XisY\K(qDQcRTK/|&j¸f��·~XWgOb_XK(WGxDde[Xx(i\~XucK¾Ob_rjlOG�·deW

j = k + 1, ..., n
Q

hj(p, u) =
∂

∂pj

e(p, u) =
∂

∂pj

ê(P (p), pk+1, ..., pn, u) ≡ ĥj(P (p), pk+1, ..., pn, u).

RG_XKDWZK<O`_XK/ikjpqgOGKD�{~rjpisYsO�f&uXK�(r[cKDqGOb_XK@�·~X[XxCObYsde[
ĥj

�
JLdpO`Y\x(K¾Ob_rjlO,O`_XK/Y\qZdP�{~rjp[hO`q,dp�

P
jpW`K¾O`_XK@qbjp|�K<jpqÁOb_cK �CW`KDqgObWZY\x(O`KDu �¾Ysq`d§�§~Xjp[hObq,dp�

e
Q9RG_XKDWZK&Ob_cK�W`K(qZObWZY\xCObY\dp[^Y\q<Obdaxz_Xjp[X]eK(q Y\[^O`_XK��XWZY\x(KDq dl�,Ob_XK (XW`qZO

k
]ed§dPucqD�oÑÐ�

P
Ysq�uXYs��KDWZKD[hObY\jpUXi\K;RGYsOb_�[cde[PÏ��(KDWZd ucKDW`Y��ljlObY��eKDq(Q�Ob_XK([ RTKBx¸jp[}xz_rjpW`jpx(O`KDWZY	�DK4O`_XK

q`isde��K(q�dp�@O`_XKVY\qZdP�{~rjp[hO`q�dp�
P
jlq&�·dei\isd RGqD� �L�X�Xisf§Ys[X]^Ob_cKaxz_rjpYs[ W`~XisK��·deW&jp[hf

1 ≤ i < j ≤ k
Q

∂e/∂pi

∂e/∂pj
=

∂ê/∂P

∂ê/∂P
·
∂P/∂pi

∂P/∂pj
=

∂P/∂pi

∂P/∂pj
.

�,_XKBxDde[cqZObWZ~Xx(O`Y\de[�qZdV� jpW ]e~rjlWbjp[hObK(KDq�Ob_cK4KCMPY\qgObKD[cxDKBdp�Lja�·~X[Xx(O`Y\de[
P
Q�UX~cOÎ[cdpO

de[XKoO`_rjlO4Ysq&_Xdp|;de]pKD[XK(de~Xq�dp�/ucKD]eWZKDKVde[XKl� �,_XKV[XKNMPOBqgObK(� Y\q&O`dnxDde[h�pKDWZOBO`_XK
�·~X[XxCObY\dp[

P
Y\[hObdBjl[VY\[XuXKNM

P̂
O`_rjlO@Ysq@_Xde|�de]eK([XKDde~cq@dp�ÌuXKD]eWZKDK ¼ � ��d4Ob_XjlO@KD[cu!Q

(cM�jp[^jpW`UXY�ObW`jpWZfo��deqZYsO`Ys�eKÎ�XWZY\x(K��pKDx(O`deW<�XW`YsxDKDq
p > 0

jp[Xu [XdeW`|;jpisY	�DK O`_XK�Y\[XuXKNM
UhfBq`K(OZObYs[X]

P̂ (p) = 100
� Ê deWGjp[hfB�XWZY\xDK@�pKDx(O`deW

p′ � 0
QXO`_XKDWZKHYsqLjÎ~X[XYs�{~XK

α > 0q`~Xxz_�Ob_rjlO
P (p′) = P (αp)

�ÌucK�(r[XK
P̂ (p′) = 100α

�
�,_XK Ys[XuXKCM
P̂
uXK�(r[XKDuoY\[4Ob_XYsq

RÁj¸f	Y\q,_cde|;dp]eKD[XK(de~XqSdp�9ucKD]eWZKDK<de[XKp�¾È·Ò�K/i\K¸j¸�pKHY�OSjpq jl[�KNMcK(W`x(Y\q`K<Obd�uXKDWZYs�pK<O`_XK
KCMPY\qgObK([XxDK,dp�Xq`~Xxz_Îj ~c[XY\�{~XK

α
jp[XuHOb_XKÁ_cde|;dp]eKD[XK(YsO�f/dp�

P̂
~XqZY\[X]Lde~XWÍjpq`qZ~X|;�PObY\dp[Xq

jp[XuBOb_XK/�XWZde�²KDWZO`Y\K(q,dp��O`_XK/KCMP�²KD[XuXY�Ob~XWZK<�·~c[Xx(O`Y\de[!� É
��d qZ~X|;|;jpWZY	�DKlQÌj �cW`Y\x(K4Y\[XucKCM�q`jlObYsqZ�©f§Y\[c] jpi\iËO`_XK4W`K(�{~XY\WZKD|�KD[hObqÎq`KCO�de~cO�jpU²d �eK
KCMPY\qgObq;Ys�/jp[cutde[Xi�f}Ys� O`_XKoKNMP��K([XuXYsO`~XW`K��·~X[Xx(O`Y\de[�Y\q�q`K(�rjpWbjlUXi\KlQÁOb_rjlO;Y\q(QÁYs�@jp[Xu
de[Xi�f Ys�ÁO`_XKDWZK&KCMPYsqZO �·~c[Xx(O`Y\de[Xq

ê
jp[Xu

P
jpqHucKDq`x(W`YsU�K(u}jpU�d �pKp���,_XK&qZKD�rjpW`jpUXYsi\YsO�f

dp��Ob_cK KCMP�²KD[XucYsOb~cW`K �·~X[cx(ObYsde[oucKDq`x(W`YsU�K(ua_XKDWZK Y\qSuXY���K(W`KD[hO¾�·WZde|�Ob_cK q`K(�rjpW`jpUXY\isYsO�f
dp�!O`_XK¾xDdp[Xq`~X|�KDW(Ó qT~cObYsi\Y�O�f �·~X[XxCObY\dp[!��JLK(YsO`_XKDWTq`KD�XjpWbjpUcY\i\Y�O�f�xDdp[XuXYsO`Y\de[�Y\|��XisY\KDq�O`_XK
dpOb_cKDWDQÌjp[cu�U�dpO`_�xDde[cuXYsO`Y\de[Xq x¸jp[�U²K4~Xq`KC�·~XiË�·deW xDW`KDjlObYs[X]aObW`jpx(ObjpUXisK&|�dPuXK(i\q �·dpW
U�dlOb_4Ob_XK(deW`KCObYsx¸jpi1jp[cu	K(|;�cY\W`Ysx¸jpi�Y\[X�{~XYsW`YsKDqD�

���
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Ñ�[�Ob_XK4qgOzjp[XuXjpW`u}|�dPuXK(i�QÍO`_XK (rWZ| Y\q jp[�KD[hObY�O�feQ �Z~XqZO i\Y\ylK&Ob_cK4xDde[XqZ~X|�KDWD�B�,_XK
(rW`| _rjpqGjp[BdeU��ZKDx(O`Ys�pK/�·~c[Xx(O`Y\de[!QP�XW`d (XO¸QcO`_rjlOGY�OËRËjp[hObq,ObdÎ|;j°MPY\|�Y	�DKlQ �Z~XqZOLjpqÁO`_XK
xDde[cq`~X|�KDWH_rjpq j�~cObYsi\YsO�fo�·~X[Xx(O`Y\de[ Ob_rj°O Y�OHRËjp[hObq O`do|;j°MPY\|�Y	�(Kp� �,_XK�x(de[XqZ~X|;K(W
� jpxDK(q�jaUX~XuX]eKCOÎxDde[cqZObW`jpY\[hO�RG_XYsi\K&O`_XK (rWZ| � jpx(KDq�jaxDde[cqZObW`jpY\[hOÎYs|;�²deq`K(u�Uhf�YsO`q
ObK(xz_X[Xdeisde]eY\xDjpi9xDjp�rjpUXYsi\Y�ObY\K(qD� �TKDx¸jl~Xq`KÎOb_XK (rWZ|�Ó q/deU �ZK(x(ObY��eK(q jpWZK �eKDWgf q`Y\|�Y\i\jpWGObd
j x(de[XqZ~X|;K(WDÓ q;dpU �ZKDxCObYs�pKDq(QÁ|&jl[{fndp� O`_XKB|;KCOb_Xd§uXq�jp[Xu W`K(q`~Xi�ObqÎ�·W`de| x(de[XqZ~X|;K(W
Ob_XK(deWZf&RGY\i\i�jp�X�Xi�f�ObdÎ�XWZdPuc~XxDK(WGO`_XKDdpWZfe�

'H'<%D' �&*G-@.�)4?�*G: - �t.¿A4* (Î.¿-<2	IB-@?9I > -�I4*,+

�,_XK¾qgOzjp[XuXjpW`u�|�d§uXKDir_rjlqTOb_cKL�·deisi\d RGY\[X]@�·KDjlOb~XWZKDq(� Ê Y\WZ|;qÌjpWZK uXK(q`xDWZY\U²KDu�Uhf (cMPKDu
jp[Xu�KCMPde]eK([Xde~XqZisf ]eYs�pKD[ ObKDxz_c[Xdei\dp]eY\K(qÎO`_rjlO;jpisi\d R O`_XKD| O`d^xDdp[{�pKDWgO�Y\[c�X~cObqoÈ Ys[
q`Ys|;�XisK,|;d§uXK(i\qDQhO`_XKDqZK¾jpWZKLi\jp[Xu!Q{ikjlU�deW(Qhx¸jp�cYsOzjli�jp[Xu&W`j¸Rw|&jlO`KDWZYkjpisq É Ys[{O`dHdp~cOb�X~PObq
È �XWZdPuc~Xx(O`q É � � � de|���KCObY�ObYs�pKK�H�cW`d§uX~XxDK(W`q@OzjlypK�U²dpOb_VYs[X�X~cO/jl[Xu de~cOb�c~cO/�XW`YsxDK(q/jpq
]eYs�pKD[!Q²jp[cu�xz_Xd§deqZK jÎ�XW`d§uX~XxCObY\dp[	�cikjp[^È¬j�ObK(xz_X[Xdeisde]eY\xDjpi\i�f;�·KDjpq`YsUXi\K@qZK(OLdp�9Ys[X�X~cO`q
jp[Xu	de~cO`�X~cObq É ObdÎ|&jÅMcYs|;Y��DKL�XW`d (cObqD�
�ËK(�·dpW`KTRTKÁ]eKCO9Ys[{O`dLO`_XKËuXKCOzjpYsi\q(Qpi\KCO¸Ó q�WZKD|;jpW`y/de[ jS�·K(R ylK(f<�·K¸jlO`~XW`K(q9dp�XO`_XKÁ|�dPuXK(i��

� �
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¼ � Ê YsW`|�q jpWZK4�XW`YsxDK&ObjpypK(W`q(� �,_XY\q�x(de|���KCObYsO`Ys�pK (rW`| jpq`qZ~X|��cObYsde[}jp�X�XisY\K(q Obd��W`Y\x(K
�ÍjlypKDWZq U²dpOb_ Ys[X�X~cO<jp[cu�de~POb�X~cO<|;jpW`ylK(O`qHjl[Xu�|;jpylKDq/YsO/WZK¸jpqZde[rjpUXisK�Obd	jpq`yV�{~XK(qgÏ

O`Y\de[Xq¿jpU²de~cOÁÈ ¼ É RG_rj°O9_rjp�c��K([XqÍObdSOb_XK (rW`|	Ó q�xz_XdpY\xDK(q�RG_XK([ÎjL�XWZY\x(KTxz_rjl[X]eKDq
jp[cuaÈ ÀeÉ RG_rjlOTx¸jp[�U�KSY\[P�·KDW`WZKDu;jpU²de~cOTj (XW`|	Ó q�ObK(xz_X[Xdeisde]pf��·WZde|#YsO`q�xz_XdeY\x(KDq
jlO<�ljpW`Ysde~Xq<�XW`YsxDK;i\K(�pKDisqD� Ê deW<de~cO`�X~cO |&jpWZypKCObqDQ�Ob_XK&jpq`qZ~X|;�PObY\dp[ (XObqHU�K(qZO
RG_XK([}K¸jpxz_ (rWZ| _rjlq�|&jp[hf�xDde|��²K(ObY�ObdeWZq<RG_cd �cW`d§uX~XxDK4�²KDWg�·KDxCObisf�q`~cUXqZO`Y�Ï
O`~cOzjpUci\K	�XW`d§uX~XxCObqDQGjl[Xu j��XjpWbjpisi\K(i,xDde[XucYsObYsde[tjl�X�Xi\YsKDq�Obd^Y\[X�X~PO&|;jpW`ylK(O`qD�
� �ÌxDde~cW`q`KlQ1K(�eK([�O`_XK�|;dpqZO@xDjpq`~rjli�KD|��XY\WZY\xDYsq`| q`~c]e]eKDqgObq@Ob_XjlO/|&jl[{f (rW`|�q
qZKDi\i�uXYs��KDWZKD[hObY\jlObK(u��XWZdPuX~cx(ObqGjl[XuB_rj¸�eK/jlO,isK¸jpqgO,q`dp|;K �XKCMPY\UXYsi\Y�O�fÎY\[4q`KCO`O`Y\[X]
�XWZY\x(KDqDQ�jl[Xu�K(�pKD[}q`|;jpi\i (rWZ|;q |;j¸f _rj¸�eK4|;jpW`ylK(O��²d RËK(W�Y\[nUX~PfPYs[X]Vi\d§x¸jli
Ys[X�X~cO`qDQ!qZ~Xxz_ jpq¾_XYsW`Y\[c];RTdeW`ylKDW`q@RG_XdBisYs�eKH[XK¸jlW@j�|;Ys[XK dpWL� jpxCObdeWgfeQ!qZd�Ob_XK
WZKDq`~cisObq/dp�ÌOb_cKÎO`_XKDdpWZfV[XK(KDu ObdBU�K�jp�c�Xi\YsKDuVRGYsO`_ xDjpW`Kl� ���pKD[nqZdXQ�Ob_XKÎ�rj°OZÏ
O`KDW`[Bdp�Íjp[rjlisf§q`YsqÁKDqgOzjpUXisY\qZ_XKDuBY\[�O`_XY\qÁRËj¸f4Y\q,dl�©ObKD[B�rjlWZObY\jpi\i�fÎKCM§ObK([XurjpUci\K@Obd
qZYsOb~XjlObYsde[XqÁYs[BRG_cY\xz_ (rW`|�qGjpW`K/[XdlOG�XW`YsxDK¾OzjlypKDWZqD�

À ���¿KDxz_X[cdei\de]lfoYsq¾KCMPde]eK([Xde~XqZisf�]eYs�pKD[!� �,_XYsq@jpqZq`~X|��cObYsde[aYsq¾q`de|�K(O`Y\|�KDqLxDW`Y�ObY Ï�ÍMcdp]eKD[Xdp~Xq
��K(xz_X[Xdeisde]pf x(Y	�DK(u�jpq�Obd§d@[rjpW`WZd R Obd/U²KG~Xq`KC�·~XirY\[�j¾RËdpW`i\uÎdp�²ObK(xz_X[XYsx¸jpirxz_rjl[X]eKpQ{�XWZdPuc~Xx(O

Ys[X[Xd �ljlObYsde[XqDQ¿jp[cu^xDdp[Xq`~X|�KDWH|&jlW`ypKCObYs[X]XQ¿UX~cOHYsO<Y\q<|;dpW`K �rKCMPY\Uci\K�jp[XunK([PÏ
x(de|;�Xjpq`qZY\[X]�Ob_Xjp[�|�deqgOLx(W`Y�ObY\x(qGjpxzy{[Xd RGi\K(uX]eKp� �,_XKHKNMPde]eKD[cde~XqGObKDxz_c[Xdei\dp]pf
|�dPucKDiP�·dpW`|;jpi\i�fHYs[XxDis~XuXK(q9Ob_XK,�²deq`qZY\UXYsi\Y�O�fHdl��Ys[{�pKDqgObY\[c]<Ys[�ObKDxz_c[XY\xDjpirxz_rjp[X]pKpQ
�XWZd �PYsuXKDuÎOb_cKDq`KSY\[h�pKDqZO`|;K([hObqTjpW`K,Ob_cKD|�q`KDi��eK(qÌO`W`K¸j°ObKDu&jpq�Y\[X�c~cObq�Y\[hO`dHj@�XWZdlÏ
uX~cx(ObYsde[��XWZdPx(KDq`q(�Ì�PY\|�Y\i\jpW`i�feQ¸O`_XK,|;d§uXK(iP�·deWZ|&jpisisf/Ys[XxDis~XuXKDq9jpuc�eK(WZO`Y\q`Ys[X]/jp[Xu
UXW`jp[XuXYs[X]¾Ob_XjlO�jpi�ObKDWÍxDde[XqZ~X|�KDWDÓ q���K(W`x(KD�cO`Y\de[Xq(Qh�XW`d �§Y\ucKDu�Ob_rj°O�RËKGW`K(�XW`K(q`K([{O
O`_XKDqZK jpxCObY��PY�ObYsKDq,jpq,O`Wbjp[Xqg�·deW`|�Y\[c] Ob_XK/de~cO`�X~cOSY\[hO`d;jÎuXY���K(W`KD[hOS�XWZdPuX~cx(O¸��ÑÐO
jpisi\d RGq/|&jl[rjp]eK(W`Ykjli�K(��deWZO jp[Xu^Objpi\K([{O<Obd�U�K;Y\[X�c~cObq jpqHRTKDisi�QÍY��ÁOb_cK(feQ�Obd§dXQ
jpWZK¾ObWZK¸jlO`KDu�jpqGq`Y\|��XisK¾Y\[X�c~cObq,Ys[{O`dÎ�XW`d§uX~XxCObY\dp[!�

�c���,_XK (XW`| |;j°MPY\|�Y	�(KDq��XW`d (XObq(� �PYs[XxDKoO`_XKaObYs|;K�dp� �,urjp| �P|;Y�Ob_!Q,Y��<[XdpO��W`d (XO
moj°MPY\|�Y	�DjlObYsde[ KDjpW`isY\KDW(Q�|&jp[hf^deUXq`K(WZ�pKDW`q;_rj¸�eK�KD|��X_rjpqZY	�DK(u O`_rjlOÎx(deW`�²deWbj°ObY\dp[XqÎjpW`KBxz_rjlWgÏ

jpxCObK(W`Y	�(KDutUhf j^q`K(�rjpW`jlObYsde[tU²K(O�RTKDKD[wd RG[XK(W`q`_cY\� È·O`_XKoqgObd§xzy{_Xdei\ucKDW`q É jp[Xu
x(de[hObW`dpi¿È |;jp[rjp]eK(|;K([hO É Q§jp[cu�O`_rjlOÌOb_XYsqÌqZKD�rjlWbjlO`Y\de[ÎRËKDjpypK([XqËO`_XKLYs[XxDK([hObYs�pKDq

���
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dp��|&jp[Xjp]eKDWZqÌO`dH|;j°MPY\|�Y	�(K,�XW`d (XObq(� �,_XK �cW`deUXisKD| dp��|;dlObYs�ljlO`Y\[X]@|;jp[rjl]eKDWZq
Obd&jpx(OSde[�U�K(_rjpi��9dp��d RG[XK(W`qL_rjpqSU�K(KD[Vj�|&jpYs[BxDde[Xx(KDWZ[o�·deW,Ob_XK<KDx(de[Xde|�Y\x(q
È¬jl[Xu�i\j¸R É dp�9jl]eKD[XxCf�Ob_cKDdeWgfe�

�§Ob~cuXKD[hObq�qZde|;KCObYs|;K(q�RTde[XuXK(W�jpU�dp~cO9Ob_cKÁW`deisKÁdp�²jpqZq`~X|��cO`Y\de[XqÍq`~Xxz_;jpqÍO`_XKDqZKpQ{�rjpW Ï
ObYsxD~Xi\jpW`i�faRG_XKD[nO`_XK(f^jpWZK&xDdp[{O`WbjpWgf�O`d�O`_XK&� jpxCObq dl�,Ob_XK;q`YsO`~rjlO`Y\de[!����xDdp[Xde|�Y\qZO`q
_rj¸�eK OzjpylKD[ j W`jp[X]eKVdl� �²deq`Y�ObYsde[Xq�x(de[XxDK(W`[XYs[X] _Xd R Obd�O`_XY\[Xy jpU²de~cOBq`Ys|;�ci\Ys�©fhÏ
Y\[X]	jpqZq`~X|��cO`Y\de[Xq(Q¿jp[Xu Ob_XK(W`KÎY\q/[XdBxDdp[Xq`K([Xq`~Xq jpU�dp~cO@Ob_XK �(x(deW`WZKDxCO<� �PYsK(R/� �¾[XK
KCM§ObWZKD|�KÁ�²deq`Y�ObY\dp[ Y\q1Obd uXKD[hf O`_XKÁWZKDi\KC�ljp[XxDKËdp��jp[hfHY\[c�·K(W`KD[cxDKÁUrjlq`KDuÎde[ q`~Xxz_Î|�dPuPÏ
KDisqDQÍU²KDxDjp~XqZK;Ob_cK;�XWZKD|�Y\qZKDq dl�ËOb_cK;|�dPucKDiÌjpW`KÎ� jpisq`Kp� �ÁOHO`_XK&de�c��deqZYsO`K�KNM§ObW`K(|;KlQ
q`de|�K��XWbjpxCObYsxDY\[c]�K(xDde[Xdp|;YsqZObq<q`K(KD|�RGY\isi\Ys[X]�ObdojpxDx(KD�cO �(qZObjp[XurjpWZu ��dpW �(x(~XqZO`de|�Ï
jpWZf � jpqZq`~X|��cO`Y\de[Xq ~X[XxDWZYsO`Y\x¸jli\isfp� �ËdpO`_Vdp��Ob_XK(q`K�KCM§O`W`KD|�K��²deq`Y�ObY\dp[Xq¾jpWZK�W`K �ZKDx(O`KDu
Uhf4Ob_Xde~c]e_hO`�·~Xi!�²KDdp�Xi\Kl�
� isi�K(xDde[Xdp|;Ysx¾|;d§uXK(i\Y\[c] jpUcqZObW`jpx(O`qÁ�·W`de|�W`KDjpi\Y�O�f�U{f&|&jly§Ys[X] qZY\|��Xi\Y��©f§Y\[X]<UX~cO,~c[PÏ
ObWZ~XK/jpq`qZ~X|��cObYsde[XqD� �ÍMP�²KDW`YsKD[Xx(K/Y\[4KDx(de[Xde|�Y\x(q,jp[XuBdpO`_XKDW (XKDi\ucq,q`_Xd RGq,Ob_rj°OGq`~Xxz_
jpq`qZ~X|��cObYsde[Xq |�d§uXKDisqHxDjp[�q`K(WZ�eK4~cq`K(�·~ciË�X~XWZ��dpq`KDq(� �¾[XK&�X~cW`�²deq`K�YsqHO`daq`~X�c��deWgO
ObW`jpx(ObjpUXi\K/|�dPucKDi\qÁO`_rjlOSY\qZdeikj°ObK/jp[Xu	_XYs]e_Xi\Ys]e_hO,Y\|��²deWZObjp[hOGK(��KDx(O`qL�·deWGjl[rjpisf§qZY\qGUhf
q`~X�c�XW`K(q`q`Ys[X]&dlOb_XK(WSKC��K(x(O`qD�
� [XdpO`_XKDW,�c~XW`�²deq`K<Y\qÁO`dÎq`KDWg�eK jpqGj�UXjpq`YsqÁ�·deW,[{~X|;K(W`Y Ï
x¸jpi{xDjpi\x(~XikjlO`Y\de[cqDQ �²deq`qZY\UXi�f¾�·deW1~Xq`KÌY\[<KDqgObYs|&jlO`Y\[X],|;jp]e[cYsOb~cuXKDq(Q°ucKDxDYsuXY\[c]LK(xDde[Xdp|;Ysx
��dpi\Y\x(Y\K(qDQ{deWÌuXKDqZY\]e[XYs[X] K(xDde[cde|;YsxLYs[XqZO`YsO`~cObYsde[XqD� Ê deW�KCMcjp|��Xi\KlQPde[cK |�Y\]e_hOÌRÁjp[hOTObd
KDqgObY\|;jlO`K&Ob_XKBKC��K(x(OÎdp� jaOzj°Mn��deisY\xCf�xz_Xjp[X]eKBde[}d �eK(WbjpisiÁY\[h�eK(qZO`|;K([{O�deW�_cY\W`Ys[X]X�
�,_XK Ys[XYsO`Ykjpi�x¸jpisxD~Xi\jlObYsde[XqÁUXjpq`K(uade[�j;q`Ys|;�ci\Y�(XKDu4|�dPuXK(i�|;Ys]e_hO,Ob_XK([oU²K jlu �Z~XqZO`KDu
Obd�jpx(xDde~X[hOS�·deWÁOb_cK<KC��K(x(O`qSqZ~X�X�XWZKDqZq`KDuVYs[�Ob_XK/|�dPucKDi��
Ê deW¿jL|�dPuXK(ihObdSq`KDWg�eKËO`_XKDqZKÁ�XW`jpx(O`Y\x¸jlih�X~XW`�²deqZKDqDQpYsObq¿W`K(i\KC�pjl[{O��XWZKDuXYsx(ObYsde[Xq¿| ~XqgOÍU²K
W`KDjpq`de[XjpUXisf4jpxDx(~XWbjlO`Kp� �,_XKHjpxDx(~XWbjlx(f4dp�Í�XW`K(uXY\xCObYsde[Xq,x¸jl[�qZde|;KCObYs|;K(qÁU�K/xz_XK(xzypK(u
UhfnObK(qZObYs[X] ~Xq`Ys[X] urjlObjc�}�Pde|�K(O`Y\|�KDq(Q�O`_XK �(WZdeUX~XqgOb[XK(q`q �Bdp�L�XW`K(uXY\xCObY\dp[Xq x¸jl[�U²K
K(�ljpis~rjlObK(u��rjpWgObi�fÎU{f�Ob_cKDdeWZK(ObYsx¸jpi²jp[Xjpisf§q`K(qD��Ñ�[�[cd x¸jpqZKpQX_cdÅRTK(�pKDW(QXq`_Xdp~Xi\u�|�d§uXKDisq
deW;jpq`qZ~X|;�PObY\dp[Xq;U²K	W`KD]ejpW`uXK(u jpq;jpuXK(�§~XjlObK�|;K(W`KDi�f}U�K(x¸jp~cq`KoO`_XK(f�jpWZK �(~cq`~rjpi �
deW �(qZObjp[XurjpWZu!� � � i�Ob_Xdp~X]e_ Ob_XYsq<qZKDK(|;q<Obd	U�K;jp[^dpU{�§Ysde~Xq<��deYs[hO¸Q¿YsO<[XKDK(uXqHO`doU²K
KD|��X_rjpqZY	�(KDu U²KDxDjp~XqZK O`_XK O`KD|��cOzj°ObY\dp[wO`d�qZy{Y\� O`_XKV�ljpi\YsurjlObYsde[ qZO`KD� x¸jp[ U�K j
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�²dÅRTKDWg�·~XiÁde[cKp���{Ozjp[XuXjpW`u jpqZq`~X|��cObYsde[Xq�dp�©O`KD[�|;jpypK�O`_XK�Ob_cKDdeWgf^� jpisiËY\[hO`dVK¸jpqgfeQ
W`K(xDde]p[XY	�DjpUXi\K/�rj°O`ObK(W`[Xq(Q�RG_XYsi\K/xz_XK(xzy§Ys[X]�Ob_cK q`~cYsOzjlUXY\isYsO�f�dl�ÍOb_cK jpqZq`~X|��cObYsde[XqSx¸jp[
U²K@| ~Xxz_o_XjpW`uXK(WD���,_XK/�ljpi\YsurjlO`Y\de[;qZObK(�oYsq,[XdpOGuXYsq`�²KD[Xq`jpUXi\Kl�

'<'H% % ��? -�I )B7T.100- 2 (�*Á.¿:

Ò�K&qZObjpWZO U{f�uXK(q`xDWZY\UXYs[X]�O`_XK&O`KDxz_X[Xdpi\de]eYsx¸jpi��²deq`qZY\UXYsi\Y�ObY\K(q@dp�,Ob_cK (rW`|	�V�§~X�X�²deq`K
Ob_cKDW`K�jpWZK

n
xDdp|;|�dPucYsObYsKDq;Y\[wOb_XK KDx(de[Xde| fp� ���²±b¡D¶p��¯C¦ ¤ ¡°®�� ¨ ¥p®�Y\qBj �pKDxCObdeW

y = (y1, ..., yn) ∈ R
n Q�RG_XK(W`K4jp[�de~cO`�X~cO RGYsi\i�_rj¸�pK yk > 0

jp[cunjp[nYs[X�X~cO<RGY\isi
_rj¸�eK

yk < 0
� ÑÐ�TO`_XK (rW`|�_rjpq/[XdpO`_XY\[c]&ObdBuXd4RGYsO`_V]ed§dPu

k
Q!Ob_XK([

yk = 0
� �,_XK

�XWZdPuX~cx(ObYsde[n�²deq`qZY\UXYsi\Y�ObY\K(qHdl�SO`_XK (rWZ| jpWZK�uXKDqZxDWZY\U²KDu}Uhf}jaq`KCO
Y ⊂ R

n Q9RG_cKDW`K
jp[hf

y ∈ Y
Y\q �·KDjpq`YsUXi\K �XW`d§uX~XxCObY\dp[V�Xikjp[�� Ê Ys]e~XW`K ¼e¼ � ¼ Y\i\is~XqZO`WbjlO`KDq@j��cW`d§uX~Xx(O`Y\de[

�²deq`qZY\UXYsi\YsO�f�qZK(O¸�

6

-

?

� x1

x2

·y

Y

Ê Y\]e~XWZK ¼e¼ � ¼ ��� ��W`d§uX~XxCObY\dp[ �¿deq`qZY\UXYsi\Y�O�f4�PKCO
�,_XWZde~X]e_Xdp~cO<de~XW<jp[rjpi�f§q`Y\q(Q�RËKÎRGY\isi9|&jlypK�Ob_XK�Y\[c[XdPx(KD[hO/ObK(xz_X[XY\xDjpiÌjpq`qZ~X|��cObYsde[Xq
Ob_XjlO

Y
Y\q�[Xde[§Ï�KD|��cO�f È qZdnjpqÎObd�_rj¸�eKaqZde|�K(Ob_cY\[X] Obd�qZOb~cucf�� É jp[Xutx(i\deqZKDu È©Obd

4 �
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|&jlypK Y�OË|�deWZKLisY\ypK(isf�O`_rjlOTde�cObYs|&jlir�XW`d§uX~XxCObY\dp[&�Xi\jp[XqËKNMPY\qZO É � � dp[Xq`YsuXKDWÌOb_XK¾|�deWZK
Y\[hObK(W`K(qZObYs[X]Îjp[Xu4qZ~XUXqgOzjp[hObY��eK/KDx(de[Xde|�Y\xL�XW`dp��K(WZObYsKDqÁ�cW`d§uX~Xx(O`Y\de[4qZK(O`q,|;Ys]e_hOÁ_rj¸�eK �

•
½�±b£z£ $/¤ ¢��r¡ ¢D¥ ¨ �4�,_XK4�XW`d§uX~XxCObYsde[�q`KCO

Y
qbjlO`Y\q (rKDq �·WZKDK�uXYsq`�²deqbjliËYs�

y ∈ YY\|��XisY\KDqÌOb_rj°O
y′ ∈ Y

�·deWGjl[{f
y′ ≤ y

�

•
� » �§¦ $ ¡ #�®¿� �,_cKË�XWZdPuX~cx(ObYsde[<q`K(O Y

_Xjpq�O`_XKTqZ_{~cOZÏÐuXd RG[��XW`de�²KDWgO�f/Ys�
0 ∈ Y �Ob_XjlO�Y\q(QÍOb_cK (rW`| _rjpq O`_XK�de�cO`Y\de[^dp�G~Xq`Ys[X]V[XdVWZKDq`dp~XW`x(KDq�jp[Xu��XWZdPuc~XxDYs[X]

[XdpO`_XY\[c]X�

• � ¡°® ¤ ®�¯C±b£`¥°¢ ¤ ®§³ � £C¦ �§±C®c¢ ¦�¡ �!¯`¥ ¨ £ ¹ �,_XKL�XW`d§uX~XxCObY\dp[;qZK(O Y
_rjpqÌ[Xde[cY\[Xx(W`K¸jlqgÏ 	GK(O`~XW`[Xq

Obd;�PxDjpi\KY\[c]VW`K(O`~XW`[cqÎO`dVq`xDjpi\K È·i\d§deq`K(isfeQ��CuXKDx(W`K¸jlq`Y\[c] WZK(O`~XW`[Xq�O`d qZx¸jpisKK� É Ys�
y ∈ YY\|��XisY\KDqÌOb_rj°O

αy ∈ Y
�·dpWGjpi\i

0 ≤ α ≤ 1
�

• � ¡°®²¶§£z¯C±b£`¥°¢ ¤ ®§³ � £C¦¬�§±N®c¢S¦ ¡¾�!¯`¥ ¨ £C� �,_XKG�XWZdPuX~cx(ObYsde[�q`KCO Y
_rjpq�[Xdp[XuXKDx(W`KDjpqgÏ

Y\[c] WZK(O`~XW`[XqÎObd q`xDjpi\K�È·i\d§deq`K(isfeQ��(Ys[XxDWZK¸jpqZY\[X] WZK(Ob~cW`[XqÎObd q`xDjpi\K � É Ys�
y ∈ YY\|��XisY\KDqÌOb_rj°O

αy ∈ Y
�·dpWGjpi\i�f

α ≥ 1
�

• � ¡°®c¢C¦�¥p®r¦ � £C¦¬�§±N®c¢@¦�¡ �!¯`¥ ¨ £C� �,_XK¾�XWZdPuX~cx(ObYsde[�qZK(O Y
_rjpqËx(de[XqgOzjp[hO,WZK(Ob~cW`[Xq

ObdÎqZx¸jpisK<Y��
y ∈ Y

Y\|��XisY\KDqÌOb_rj°O
αy ∈ Y

�·dpWGjpi\i
α ≥ 0

�

• � ¡°®��p£�
 ¤ ¦ «l� �,_XK¾�XWZdPuX~cx(ObYsde[�qZK(O Y
YsqËx(de[h�eKCM�Ys� ���s�

Y
Y\qTxDde[h�eKNM����,_XYsqËx(de[PÏ

uXY�ObY\dp[	Ys[XxDdpW`�²deWbjlO`KDqLj�y{Ys[Xuodp��� [Xde[cY\[Xx(W`K¸jlq`Y\[c];WZK(Ob~cW`[XqSObd�q`�²KDxDY\jpi\Y��¸jlO`Y\de[b	zQ
|�K¸jp[XYs[X]¾Ob_XjlO�Ys��O�RTd ��KCM§ObWZKD|�K3	Ë�Xikjl[Xq�jpW`KÁ�·KDjpq`YsUXi\KlQpOb_cKDY\W�x(de| UXYs[rjlO`Y\de[<RGY\i\i
U²KHjlqGRTKDisi��ÌÑ�[ojluXuXYsO`Y\de[�QcYs�

0 ∈ Y
QrOb_cKD[	xDde[h�eKNMPYsO�f	Y\|��Xi\YsKDqÁ[cde[XY\[cxDW`KDjpq`Ys[X]

W`KCOb~XWZ[Xq,Obd�q`xDjpi\Kl�
� [XdlOb_XK(W1RËj¸f@ObdSW`K(�XW`K(q`KD[hOÍ�XW`d§uX~XxCObY\dp[<�²deqZq`Y\UcY\i\Y�O�fSq`K(O`qÍYsq�~Xq`Ys[X]Sj<¦ ±Z¥p®c¢·­¸¡°±���¥p¦ ¤ ¡°®­N�P®�¯C¦ ¤ ¡°® T : R

n → R
QpRG_XK(W`K

T (y) ≤ 0
Ys|;�ci\Y\K(q�Ob_rjlO

y
Ysq��·KDjpq`YsUXi\KlQhjp[Xu

T (y) > 0Y\|��Xi\YsKDq¿Ob_rjlO
y
Y\q�Y\[P�·K¸jpqZY\UXisKp� �,_XY\q�Ysq�W`KD�cW`KDqZKD[hObK(u�Y\[ Ê Ys]e~XWZK ¼e¼ � À ���Ìde~ÎxDjp[�O`_XY\[cy

dp��O`_XKGObWbjl[XqZ�·deWZ|&j°ObY\dp[ �·~X[Xx(O`Y\de[�q`Ys|;�cisf�jlqËj/xDde[h�pKD[XYsKD[hOÁRËj f�O`dHWZKD�XWZKDqZKD[hOGj/q`K(OD�
�,_XK@q`KCOGdp�1U²de~X[XurjlWZf;��deYs[hObq

{y ∈ R
n : T (y) = 0}

YsqÁx¸jli\i\K(u&Ob_cK ¦¬±Z¥p®c¢·­¸¡°±���¥p¦ ¤ ¡°®­N±b¡°®r¦ ¤ £C±§� �
�	�R(�23(��-!34����$�=(5�-�)�-(��"!;�=���3��*U7�!#�aE�(I��
c(��Z�#Kb�-9)(`KL')�J7��=���3�

T (y)
B � * N,'J*,�����)(I(��)!#���)4�(I!#���3�)O

4 �



� v��������
	 ¼e¼ �
��� � v J���� � &��

6

-

?

� x1

x2

c
c

c
c

c
c

c
c

c
c

c
c

c
c

y

T (y) < 0

T (y) > 0

q`isde�²K
=
m4	 �<È©f É

Ê Ys]e~XW`K ¼e¼ � À �ÌmojpWZ]eY\[rjli:	Lj°ObK@dp� ��W`jp[Xqg�·deW`|;jlObYsde[

Òw_XK([/O`_XK9ObW`jp[Xqg�·deW`|;jlObYsde[ �·~X[cx(ObYsde[@Y\q�uXYs��KDWZKD[hObY\jpUXi\KlQ¸RËK�xDjp[/uXK�(r[cK9Ob_XK ��¥p±¬³ ¤ ®²¥ ¨±Z¥p¦ £�¡ ­¾¦¬±Z¥p®c¢·­¸¡°±���¥p¦ ¤ ¡°® ¡ ­L³§¡ ¡D¶ l
­¸¡°± ³§¡ ¡D¶

k
jlq �

MRTl,k(y) = −
∂T (y)/∂yl

∂T (y)/∂yk
.

�,_XK�|&jlW`]eYs[rjpi¿WbjlO`K�dl�TO`Wbjp[Xqg�·deW`|;jlO`Y\de[V|�K¸jpqZ~XW`K(q<O`_XKÎKCM§ObW`j�jl|;de~c[{O/dl�Á]ed§dPu
kOb_XjlOSx¸jp[aU²K<deUcOzjlY\[XK(u��²KDWS~X[XY�O WZKDuX~XxCObYsde[odp�Í]ed§dPu

l
� � q Ê Y\]e~cW`K ¼e¼ � À qZ_Xd RGqDQ�Y�O

Y\q,K(�{~rjpi!Obd�O`_XK/q`i\dp��K@dp�¿Ob_cK<U²de~X[curjpWZf�dp��O`_XK/�XW`d§uX~XxCObYsde[Bq`K(OLjlOS�²deY\[hO
y
�

�,_XYs[Xy{Y\[X]aYs[^ObK(W`|�q dp�S�XWZdPuX~cx(ObYsde[nqZK(Obq�isK¸jpucq Obd j��pKDWgf�]eKD[cKDWbjliË|�dPuXK(iÌRG_cKDW`K
K¸jlxz_4]edPd§u

k
x¸jp[�U²K;£ ¤ ¦ » £C± jl[�Y\[X�c~cOÁdeWËjp[�de~POb�X~cO % O`_rjlO,YsqDQPj (rW`|�|;j f�U²dpOb_

�XWZdPuX~cxDK;RGYsuX]eKCObqDQÍjp[Xu^jpi\qZd�~XqZK&RGY\uc]eK(O`q<O`do|;jpypK�]hjpuX]pK(Obq(Q�RGY�Ob_
yk

U²KDYs[X]BOb_XK
[XKCO/jp|�de~X[hO dl��RGY\uX]eKCObq¾�cW`d§uX~XxDK(u!� � �©ObK([!Q!YsOLY\qLxDde[h�pKD[XYsKD[hO@Obd�qZKD�rjlWbjlO`K�Y\[X�X~PObq
jp[XuVdp~cOb�X~PObqDQ�i\K(OZObYs[X]

q = (q1, ..., qL)
uXKD[cdpObK O`_XK �pKDx(O`deW@dp��O`_XK (rWZ|�Ó q¾de~cO`�X~cO`qDQ

�8!#�RA3SJ�3�)( ����O39$���.�$�-(5�-�)�=(5�Z�V���-�F01( � �)( �=9J(M!#���3')�$���3K �-(�7"9)�)�H75!34 �)�-�3O��=(+*=*U�-(�%$')���=(+0F�-�F�8!#\3(
�=9J( 7����PE)���J!#�=���3�

y
!�KL(�!�* ��E)4�(M�3�)(�B��/�.�=9 �-9J!;�`�.�$�=(��=�J�=(5�-!;�-�.��� SJ'�* ���)O8�-9)( 75')�=�-(5�$�-4.A !_2;!#��4�!3E)4.(

�=(+7"9)�)��4.��O3A3SR���)( 75!#�a�)�-�101'J7�( !3�$A6(54�(5��(5�$���#K �=9)(M*=(��
{y|T (y) ≤ 0}

B

4 d
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jp[Xu
z = (z1, ..., zM)

O`_XK@�eK(x(ObdpWSdl�9Y\[c�X~cObq<È©RG_XKDWZK
L + M = N

É �
ÑÐ��Ob_XK (rW`|�_rjpqTde[Xi�f�j q`Ys[X]ei\KSde~cO`�X~cODQ§RTK¾x¸jl[&RGW`Y�ObK dp~cOb�X~PO,jpqËjH�·~X[XxCObY\dp[&dp��O`_XK
Y\[X�c~cObqS~Xq`K(u!Q

q = f(z)
�,Ñ�[�Ob_cY\qGx¸jpqZKpQ²RËKHW`K(�·K(WSO`d

f(·)
jlqSO`_XK (rWZ|�Ó q,�²±z¡D¶p�r¯C¦ ¤ ¡°®­N�P®�¯C¦ ¤ ¡°®¿�HÒ�K x¸jp[ jpisq`d4uXK�(r[XK�Ob_cK ��¥p±¬³ ¤ ®²¥ ¨ ±Z¥p¦ £;¡ ­�¦�£z¯ » ®�¡ ¨ ¡`³ ¤ ¯`¥ ¨ ¢C��JC¢C¦ ¤ ¦¬�§¦ ¤ ¡°®ObdÎU²K �

MRTSk,l(y) = −
∂f(z)/∂zl

∂f(z)/∂zk�,_XK�|&jpWZ]eY\[XjpiÍW`jlObKÎdp�TObKDxz_c[Xdei\dp]eY\xDjpi9q`~cUXqZO`YsOb~PObY\dp[ O`KDisi\q@~Xq<_Xd R#| ~cxz_^dp�TY\[X�c~cO
k
| ~XqZOLU�K<~XqZKDuoYs[��cikjpx(KHdp�Íde[XK<~X[XY�OLdl�9Y\[c�X~cO

l
Obd�|&jlY\[hOzjpYs[4Ob_XK<qbjp|�K/i\KC�eKDi1dp�

de~cO`�X~cO¸��ÑÐOGYsq,Y\i\is~XqZO`WbjlO`KDu4Ys[ Ê Y\]e~XWZK ¼e¼ ���

6

- z1

z2

@
@

@
@

@
@

@
@

@
@

@
@

@

y

{z : f(z) = q}qZi\de�²K��#m4	 �S��È·f É

Ê Y\]e~cW`K ¼e¼ ��� ��Ñ�qZdP�{~rjp[hO`qLjl[Xuam 	 �S���
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Ñ�[;O`_XY\q�xz_rjp�PObKDW(Q§RTKGRGY\i\icqZOb~cucfÎOb_XKS|&jlW`ypKCOÌU�K(_rj¸�PYsdeW�dp��O`_XK (rW`|	��Ò�KSRGYsi\iXqgOb~XuPf
U�dlOb_�j@|&j°MPYs|;Y��¸jlO`Y\de[Hjp[Xu;j¾|;Ys[XY\|�Y	�DjlObYsde[<�XW`deUci\KD|	Q �Z~XqgOÌjpq�RËKGuXYsuÎuX~XW`Ys[X]@xDdp[PÏ
q`~X|�KDWGOb_cKDdeWgfe�ËÒ�K<RGYsi\i1jpqZq`~X|�K/Ob_XWZde~X]e_Xdp~cOGOb_XYsqSxz_Xjp�cObK(WLO`_rjlO

Y
YsqG[Xde[XK(|;�cO�fpQ

xDisdeq`K(u!Q�jp[Xu	qbjlO`Y\q (rKDq,�·W`K(K/uXY\qZ��deq`jpi��

'�%Î%D' ' A4* ��? -	�B.�> -�
&0DF 0
�,-@.10*-H2 ��? -��B+(*GF

Ò^K@RGWZYsObK¾O`_XK/�XW`d (XOS|&j°MPYs|;Y��¸jlO`Y\de[��XW`dpUXi\K(| �·deWÁOb_cK (XW`|�jlq �

max
y

p · y
qD� O¸�

y ∈ Y

RG_XKDWZKÌRTKÁjlq`q`~c|;K�Ob_XjlO
p � 0

� � �,_XKËx(de[XqgObWbjlY\[hO�Ob_rj°O y ∈ Y
x¸jp[<U�KÌjpi�ObK(W`[rjlO`Ys�pKDisf

RGW`Y�O`ObK([	jpq
T (y) ≤ 0.

� �G(M9J!_2�( �)�#��A�(����8!30)(P* '��875�.(��$� !3*-* 'J�Y�)�=���3�J*D�-�F(5��* ')�-( �-9J!;� !F��!��1�.� ')� (	�R�H* �-*�S�*=�F�V�
:U�3')4H0FEc(I���3�-( �)�-�3�c(5�U�-� :Z�-�V�-(

supy∈Y p · y
B CD9)(`KL�17�'J*D�3Kb�3')�D���R23(�* �=��O�!#�=���3�F9J(5�-(3SR9)�;:U(523(���S

:Z��4.4 E�(P�3� �=9J(M�)�-�3�c(5�=�=��(�*D�#Ke�-9)(M�8! �1���P')�<:Z9)(5� �.��(	�R�H* �-*�S)�-!#�=9)(��Z�=9�!#� �3� 75�3�J01�.�=���3��*DKL�3��!
�8! �1���P')� �=�8(��1�H*,�+S)* ��:U( :Z�.4�4 7����J01�.�=���3�a�=��'J*=(`�=9)(����8! ��� �)�#�"!;�=���3�bB
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�,_XK(W`KajlW`K4O�RËd��·~X[Xx(O`Y\de[cq�dl�¾q`�²KDx(YkjpiGYs[{O`KDWZKDqZO;Y\[ qZO`~Xucf§Y\[c]�Ob_cK��XWZdeUXisKD|	� �,_XK
(rWZqZO�Y\qÎx¸jli\i\K(unOb_XK �(de�PObY\|;jpiÌ�XW`d§uX~XxCObYsde[�x(deW`WZKDqZ��de[cuXKD[Xx(KK�	jp[Xu Y\qÎuXKD[cdpObK(u Uhf
y(p)

� �,_XK xDdeWZW`KDqZ�²de[XuXK([XxDK
y : R

n
+ ⇒ Y

|&jp�cqËj/�eKDxCObdeWËdp���XWZY\xDK(qËYs[{O`dHO`_XK qZK(OÁdl�
�XWZd (XOZÏÐ|&jÅMcYs|;Y��DYs[X]Ë�XWZdPuc~Xx(O`Y\de[/�Xi\jp[XqD� �,_XKÌq`KDx(de[Xu!Qlx¸jpisi\K(u/O`_XK��(�XW`d (XO1�·~X[Xx(O`Y\de[�Q �
Y\ucKD[hObY (rKDqÌOb_XKL|&j°MPYs|&jpiX�ljpis~XK dl�!Ob_XK �XW`deUci\KD|�jp[cu�Y\qÌuXKD[cdpObK(u4U{f

π(p)
���,_XjlOÁYsqDQ

Ob_cK<�cW`d (XO,�·~c[Xx(O`Y\de[
π : R

n
+ → R

Y\q,uXK�(r[XK(u�ObdÎU²K �

π(p) = max
y∈Y

p · y.

Ò�K¾[Xd R W`KDx(deW`u4qZde|�K¾~Xq`KC�·~Xi��cW`de�²KDWgObY\K(qÁdp��O`_XK¾�XWZd (XOÁ�·~X[cx(ObYsde[4jp[cu&Ob_XK@dp�cObYs|&jpi
�XWZdPuX~cx(ObYsde[&x(deW`WZKDqZ��de[cuXKD[Xx(Kp��	SK(x¸jpisi²O`_rjlOTOb_XKS�eKDxCObdeW,[cdpOzjlO`Y\de[

p > p′
YsqËuXK�(r[XK(u

Uhf�Ob_cK<x(de[ �Z~X[cx(ObYsde[ �
p ≥ p′

jp[Xu
p 6= p′

�

��W`de�²KDWgObY\K(q
dp�

π(p)

���9���¿�Ì�e�¬�Í���������,ÂHÃÅÄ+- �{Ã 9<F3� ;<Ä²Æ
π º!» £Ì�²±b¡���¦X­N�P®�¯C¦ ¤ ¡°® π » ¥°¢¦ » £�­¸¡ ¨©¨ ¡ # ¤ ®§³/�²±b¡z�r£C±N¦ ¤ £z¢��

¼ �
π(·) ¤ ¢ » ¡ �&¡`³§£C®�£z¡°�h¢ ¡ ­<¶§£�³p±b£z£ ¡°®�£z´ ¤ ¹ £ ¹ ­¸¡°±<¥ ¨©¨ λ > 0

´
π(λp) = λπ(p) ¹

À �
π(·) ¤ ¢�¯z¡°®��p£�
 ¤ ® p ¹

�c� H ­ Y ¤ ¢	¯ ¨ ¡ ¢ £`¶�¥p®²¶^¯z¡°®��p£�
l´/¦ » £C® Y = {y ∈ R
N : p · y ≤ π(p)

­¸¡°±B¥ ¨©¨
p ∈ R

N} ¹
�X� H ­ Y ¤ ¢�¯ ¨ ¡ ¢ £`¶�¥p®²¶	¯z¡°®��p£�
�¥p®²¶ » ¥°¢<¦ » £�­N±b£z£ ¶ ¤ ¢��r¡ ¢D¥ ¨ �²±z¡z�r£C±N¦ «Å´T¦ » £C® Y =

{y ∈ R
N : p · y ≤ π(p)

­¸¡°±H¥ ¨©¨ p ∈ R
N
+} ¹

Â<Ã°Ä�Ä²Æ`Ç/È ¼ÅÉ JSdpObK@O`_rjlO
π(λp) = maxy∈Y λp · y = λ maxy∈Y p · y = λπ(p)

�
�

È ÀpÉLÊ Y M
p, p′

jl[XuVuXK�(X[XK
pt = tp + (1 − t)p′

�·deW
t ∈ [0, 1]

�D�L[XuVi\KCO
yt ∈ y(pt)

�
�,_XK([

tπ(p) + (1 − t)π(p′) ≥ tp · yt + (1 − t)p′ · yt = pt · yt = π(pt). �

4ML
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Ê deW�Ob_XKL�XW`d§dp�!dl�ÌÈ � É jp[cu È � É RTKLRGYsi\ir[XK(KDu&O`_XK qZKD�rjpW`jlObYs[X]<_{f§�²KDWZ�Xikjp[cKLOb_cKDdeWZKD| �

�PK(�rjpWbj°ObY\[c]
vSf§�²KDWZ�Xikjp[cK
�,_XK(deW`K(|

3 �/-�EXÃ<E�9<F G'����?�- �{Ã - 5 E G'�����'�{Ä�Ã��/� 
1£C¦
Y ⊂ R

N JC£ ¥	¯ ¨ ¡ ¢ £`¶¥p®²¶^¯z¡°®��p£�
V¢ £C¦/¥p®²¶o¢C� �h�r¡ ¢ £
x /∈ Y ¹ º!» £C®}¦ » £C±b£o£�
 ¤ ¢C¦©¢ p ∈ RN

# ¤ ¦ » p 6= 0
¢C�r¯ » ¦ » ¥p¦ p · x > supy∈Y (p · y) ¹

È � É ��K(O
Ŷ = {x ∈ R

n : p · x ≤ π(p)
�·dpW;jli\i

p ∈ R
n}
� Ò^K	[XK(KDu O`d�qZ_Xd R

Ob_rj°O
Y ⊂ Ŷ

jp[cu	O`_rjlO
Ŷ ⊂ Y

� �,_XK (rW`qgOLYs[XxDis~Xq`Ysde[4�·dei\isd RGqÁ�·W`de| O`_XK<uXK�(r[cYsObYsde[
dp�

π
� Ê dpW Ob_XKBW`KC�eK(W`q`K�Y\[Xx(i\~XqZY\de[�Q�q`~X�X�²deqZK	O`_rjlO

Y
Y\qÎxDisdeq`K(u jp[Xu xDde[h�eKNM jp[Xu

x /∈ Y
� �,_XK([!Q�Uhf�O`_XK�q`K(�rjpW`jlObYs[X]o_hf§��K(W`�Xi\jp[XK&O`_XKDdpW`KD|	QÍO`_XKDWZK�KCMPY\qgObq

p ∈ R
n

q`~Xxz_�Ob_rjlO
p · x > maxy∈Y p · y = π(p)

�;ÑÐO/�·dei\isdÅRGq¾O`_rjlO
x /∈ Ŷ

� �,_XK (r[XuXYs[X]
x /∈ Y =⇒ x /∈ Ŷ

K(qZOzjlUXi\Ysq`_XK(qGO`_rjlO
Ŷ ⊂ Y

�
�

È � É Ò�K jpWZ]e~XK<KCMcjpxCObisf	jlq Y\[^È � É Q�UX~cOSRGYsO`_ode[XKHjpuXucYsObYsde[rjpi�qZObK(�!����K(O
Ỹ = {y ∈

R
n : p · y ≤ π(p)

�·deW�jli\i
p ∈ R

N
+}
��Ò�Ka[XK(KDu Obd^q`_Xd R�Ob_rjlO

Y ⊂ Ỹ
jp[Xu

Ob_rj°O
Ỹ ⊂ Y

�/�,_XK (rWZqZO�Ys[XxDis~Xq`Ysde[��·dpi\i\d RGq/�·W`de|6Ob_cK�uXK�(X[XYsO`Y\de[�dp�
π
� Ê deWHO`_XK

W`KC�eKDWZq`KBY\[cxDi\~cq`Y\dp[!Q�qZ~X�X�²deq`K�O`_rjlO
Y
Y\qHxDisdeq`K(u}jp[Xunx(de[h�eKCM}jp[Xu

x /∈ Y
� �,_XK([!Q

Uhf4Ob_XK/q`K(�rjpW`jlObYs[X]Î_{f§�²KDWZ�Xikjp[cK/O`_XKDdpW`KD|	QXOb_cKDW`K/KNMcYsqZO`q
p ∈ R

n q`~Xxz_	Ob_rjlO p · x >

maxy∈Y p · y = π(p)
���TfB�·W`KDK<uXYsq`�²deqbjpi¬Q�Ys��jl[{f	x(de|;�²de[XK([hO dp�

p
RTKDW`K [XKD]hj°ObYs�pKpQ

Ob_XK([
supy∈Y p · y = +∞

���PdXQ�[Xd xDde|��²de[XKD[hO�Ysq [XK(]hjlO`Ys�eKlQ�Ob_rjlO Y\qDQ
p ∈ R

N
+

�
�,_XKDWZK(�·deWZK

x /∈ Ỹ
� �,_XK (r[cuXY\[X]

x /∈ Y =⇒ x /∈ Ỹ
KDqZObjpUXisY\q`_cKDq,Ob_rj°O

Ỹ ⊂ Y
�
�

! ¹#"Á¹#$H¹
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���9���¿�Ì�e�¬�Í������� �/ÂHÃÅÄ+- �{Ã<9 F3� ;;Ä�Æ
y º!» £�¡z�²¦ ¤ ��¥ ¨ �²±b¡D¶p�r¯C¦ ¤ ¡°®¯z¡°±N±b£z¢��r¡°®²¶§£C®�¯z£

y » ¥°¢<¦ » £�­¸¡ ¨©¨ ¡ # ¤ ®§³@�²±b¡z�r£C±N¦ ¤ £z¢��

¼ �
y(·) ¤ ¢ » ¡ �&¡`³§£C®�£z¡°�{¢H¡ ­<¶§£�³p±b£z£��°£C±z¡ ´ ¤ ¹ £ ¹ ­¸¡°±H¥ ¨©¨ λ > 0

´
y(λp) = y(p) ¹

À � H ­ Y ¤ ¢4¯z¡°®��p£�
l´L¦ » £C®4­¸¡°±&¥ ¨©¨ p ´ ¦ » £Î¢ £C¦ y(p) ¤ ¢B¯z¡°®��p£�
 ¹ H ­ Y ¤ ¢�¢C¦ ± ¤ ¯C¦ ¨ «¯z¡°®��p£�
l´
p 6= 0

¥p®²¶
y(p) 6= ∅

´Ì¦ » £C® y(p) ¤ ¢H¥�¢ ¤ ®§³ ¨ £C¦�¡°® ¹
�c� º!» £ 
!¥ # ¡ ­@��� �h� ¨ « ¹ ½�¡°±<¥p®r« p, p′, y ∈ y(p)

¥p®²¶
y′ ∈ y(p′)

´

(p′ − p) (y′ − y) ≥ 0.

Â<Ã°Ä�Ä²Æ`Ç/È ¼ÅÉ JSdpObK@O`_rjlO
π(λp) = λπ(p)

QXqZd��·deW
λ > 0

Q

y(λp) = {y ∈ Y |λp·y = π(λp)} = {y ∈ Y |λp·y = λπ(p)} = {y ∈ Y |p·y = π(p)} = y(p). �

È ÀpÉ �¾UXqZKDWZ�pK¾Ob_rj°O
y(p) = Y ∩ {y ∈ R

n
+|p · y = π(p)}

�9ÑÐ�
Y
YsqTx(de[h�eKCM�QXO`_XKD[

y(p)Y\qÁO`_XK/Y\[hObK(W`qZKDx(O`Y\de[Bdp�¿O�RTd;x(de[h�eKCM�qZK(ObqLjp[XuB_XK([XxDK<Y\q,Y�ObqZKDis��xDdp[{�pKCM��
�

�P~X�c��deqZK
Y
Y\qLqZO`W`Y\xCObi�f�x(de[h�eKNM UX~cO

y(p)
Ysq [XdpO@j�q`Y\[c]ei\KCObde[!���,_XKD[V�·deW jp[hf

y 6=

y′ ∈ y(p)
Q¿RTK&_rj¸�pK

y′′ = 1
2
y + 1

2
y′ ∈ interior(Y )

jp[Xu!Q�q`Ys[XxDK
y(p)

Ysq<x(de[h�eKNM�Q
y′′ ∈ y(p)

� �,_rj°O¸Ó qÁY\|���dpq`q`YsUXi\KlQ{U�K(x¸jp~XqZK/j [Xde[§ÏÐObWZYs�§Ykjliri\Y\[cK¸jpW��·~X[XxCObY\dp[ È de[cK RGYsO`_
p 6= 0

É _rjpqG[Xd�i\d§x¸jpi�|&j°MPYs| ~X|	�
�

È � É &@Ys�pKD[ jp[hf
p, p′, y ∈ y(p)

jp[cu
y′ ∈ y(p′)

QÁ�XWZd (XO;|&jÅMcYs|;Y��¸jlO`Y\de[^jlO;�XW`YsxDK
�eK(x(O`deW`q

p
jl[Xu

p′
Y\|��Xisf;Ob_rj°O

p · y ≥ p · y′ jl[Xu p′ · y′ ≥ p′ · y
QrW`KDqZ��K(x(O`Ys�eK(isfp�S�PdXQ

p · (y − y′) ≥ 0 ≥ p′ · (y − y′)
Qc�·W`dp| RG_XY\xz_	xDdp[XxDis~Xq`Ysde[4�·dei\isdÅRGq(�

�

! ¹#"Á¹#$H¹
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Ê Y\]e~cW`K ¼ÅÀ � ¼ � �,_cK���W`d (XOLmoj°MPY\|�Y	�DjlObYsde[ ��W`dpUXi\K(|

6

-

?

� x1

x2

c
c

c
c

c
c

c
c

c
c

c
c

c
c

�� p

y(p)
q

Y
{y|p · y = π(p)}

��	

q`i\dp��K
= −p1

p2

Ê Y\]p~XW`K ¼ÅÀ � ¼ Y\q¾j;O�RËd°Ï�]ed§dPunÈ de[cK de~cO`�X~cO/jp[cuade[XK Ys[X�X~cO É WZKD�XWZKDq`K([hOzjlO`Y\de[Vdp��O`_XK
�XW`d (XOS|&j°MPYs|;Y��¸jlO`Y\de[��XW`dpUXi\K(|��

'�%Î%&% ' A4* � 2]� *,+0- .V* ' A4* -/?Í*GF

�ËK(�·dpW`K�RËKT|;d �eKÌde[!QÅRTKTRGY\isip�·deWZ|&jpisisfLqZObjlObK�Ob_XKÌKD[h�pKDi\dp��K�Ob_XK(deW`K(|�� � de[XqZY\uXK(W¿O`_XK
�XW`dpUXi\K(| dp�1|;j°MPY\|�Y	�(Y\[X]<j �·~X[cx(ObYsde[

f(x, q)
Q§RG_XKDWZK

x
Ysq,jH�pKDx(O`deW,dp�¿KD[cuXde]eK([Xde~Xq

�ljpW`Y\jpUXi\K(q,jp[Xu
q
YsqGjÎ�pKDx(O`deWGdp��KCMPde]eK([Xde~XqG�ljpW`Y\jpUXi\K(qDQP~X[XuXK(WLx(de[XqZO`WbjpYs[hObq �

max
x∈Rn

f(x; q)
È ¼ÅÀ � ¼ÅÉ

q(� OD�
g(x; q) = b

�,_XKË�ljpis~XKÌ�·~c[Xx(O`Y\de[Hdp�r�XWZdeUXi\K(| ¼ÅÀ � ¼ Ysq�uXK([XdpO`KDu
v(q)

QlOb_XjlOÍYsqDQ°Ob_XKÌ�pjli\~XKTjlO`ObjpY\[cKDu
Uhf

f(.)
jlOSj qZdei\~PObY\dp[�ObdÎ�XW`dpUXi\K(| ¼ÅÀ � ¼ �Ì�§~X�X�²deq`K@RTKHjlW`K@Y\[hO`KDW`K(qZO`KDu	Y\[By{[Xd RGY\[X]

Ob_XKLK(��KDxCO,de[
v(.)

dp�¿jHqZ|&jli\i�xz_rjp[X]pK Y\[
q
��vSKDWZKpQPRTK RGYsi\irW`K(�{~XY\WZKLOb_XjlOË�·deW��ljpi\~cKDq

dp�
q
xDisdeq`K¾O`d

q̄
QcO`_XK/q`deis~cObYsde[&O`d��cW`deUXisKD| ¼ÅÀ � ¼ Ysq,j�uXYs��KDWZKD[hObY\jpUXisK �·~X[XxCObY\dp[

x(q)
�

�Tf�O`_XK/xz_rjpY\[	W`~ci\KpQXjp[XuBUhfB[XdpObYs[X] Ob_XjlO
v(q) = f(x(q); q)

QcRTKH_rj¸�pK/O`_rjlO �

dv(q̄)

dq
=

∂f(x(q̄); q̄)

∂q
+

∂f(x(q̄); q̄)

∂x

dx(q̄)

dq
.

È ¼ À � ÀpÉ

4+4



� v��������
	 ¼ÅÀ � � 	 � Ê Ñ ��m ��� Ñgm�Ñ�� ���,Ñ��@J

�Ë~cO¾[XdpObK O`_rjlO@UhfaO`_XK (rWZqZOZÏÐdeW`ucKDW¾x(de[XuXY�ObY\dp[Xq �·deW¾~c[XxDde[cqZObW`jpY\[cKDu |&jÅMcYs|;Y��¸jlO`Y\de[
Ob_XjlO,RËK<| ~XqgOG_rj¸�eK

∂f(x(q̄); q̄)

∂x
= 0 .

�,_XK(W`K(�·dpW`KpQrK(�{~rjlObYsde[ ¼ÅÀ � À qZY\|��Xi\Y (rKDqÌObd

dv(q̄)

dq
=

∂f(x(q̄); q̄)

∂q
.

�,_XK�� jpxCO Ob_XjlO
x(q)

Ysq uXKCObKDWZ|;Ys[XKDu�Uhf^|&j°MPYs|;Y��DY\[c]	O`_XK��·~X[XxCObY\dp[^�ZÈg� É _rjlq Ob_XK
Y\|��XisY\x¸j°ObY\dp[�Ob_XjlO/Y\[ xDde|��X~cO`Y\[X]�O`_XK (rW`qgOZÏ�dpW`uXK(W<KC��K(x(O`qHdp�Ëxz_rjp[X]pKDq<Y\[

q
de[ Ob_XK

|;j°MPY\| ~X| �pjli\~XKlQTRTKax¸jp[�KD�{~rjpisisf�RTKDisiLjlq`q`~c|;K	Ob_rjlO�Ob_cKo|;j°MPY\|�Y	�DK(W RGY\isi,[XdpO
jpu �Z~cqZO¸���,_cKHde[cisf�KC��K(x(OSdp�Íjp[hfBxDde[cq`KD�{~XK([XxDKHY\qÁO`_XK/uXY\WZKDx(OGKC��K(x(OD�

��[{�pKDisde��K
�,_XKDdpW`KD|

A�G��,� 5·Ä+- � ���'�§Ä�Ã �/� � ¢z¢C� �&£	¦ » ¥p¦ ¦ » £ �°¥ ¨ ��£/­N�§®�¯C¦ ¤ ¡°®c´ ��� � � ´
¤ ¢ ¶ ¤ I £C±b£C®r¦ ¤ ¥KJ ¨ £ ¥p¦ q̄

¥p®²¶B¦ » ¥p¦ (λ1, . . . , λM)
¥p±b£ �°¥ ¨ �r£z¢�¡ ­ ¦ » £ 
!¥pµ³p±Z¥p®§³§£ ��� ¨ ¦ ¤ � ¨ª¤ £C±b¢<¥°¢z¢ ¡ ¯ ¤ ¥p¦�£`¶ # ¤ ¦ » ¦ » £ ��¥R
 ¤ � ¤ �°£C±S¢ ¡ ¨ �§¦ ¤ ¡°® x(q̄)

¥p¦
q̄ ¹;º!» £C®

dv(q̄)

dqi
=

∂f(x(q̄); q̄)

∂qi
−

M∑

m=1

λm
∂g(x(q̄); q̄)

∂qi
.

�PK(K mBÒ & qZKDx(O`Y\de[om�� �^�rjp]pK � Ô �lÏ � ÔeÔ �·deWÁO`_XK/�XW`d§dp��jp[Xu�jpuXuXY�ObYsde[rjpi�uXK(ObjpY\i¬�

� � �



¼ÅÀ � �c� � �/m4�@��	����,Ñ �D�w��� ���,Ñ � ��	��Ì�������S�
'�%Î% � � -HF .	-/?Í-@.103� * (Î.¿-/.10(7Á:�)�*G: )4+N.¿:

Ò^KVxDjp[ [Xd R�deUcOzjlY\[ O�RTd}xDde|��rjpW`jlObY��eKoqgOzjlO`Y\x(q�W`K(q`~Xi�Obq�Ob_XjlO4W`K(ikjlO`K�O`_XKV�XW`d (XO
�·~X[XxCObY\dp[BO`dÎde�cObYs|&jli��XWZdPuX~cx(ObYsde[Bxz_XdeYsxDKDq(�

���9�������e����������� � *HÄ!�0-�EXÃ<E�9<F �,� 3 9 E�9<F��K; �¾¢z¢C� �&£<¦ » ¥p¦ Y ¤ ¢¯ ¨ ¡ ¢ £`¶�¥p®²¶Î¢D¥p¦ ¤ ¢ �Á£z¢�­N±b£z£ ¶ ¤ ¢��r¡ ¢D¥ ¨�¹Îº!» £C®c´
¼ �����	��

����������������

����� � H ­ y ¤ ¢/¢ ¤ ®§³ ¨ £C¦�¡°®rµ �°¥ ¨ ��£`¶ ¤ ® ¥�®�£ ¤ ³ » JC¡°± » ¡ ¡D¶B¡ ­ p

´
¦ » £C® π(·) ¤ ¢ ¶ ¤ I £C±b£C®r¦ ¤ ¥KJ ¨ £<¥p¦ p

¥p®²¶ �

∂π(p)

∂pi
= yi(p).

À � H ­ y(·) ¤ ¢4¢ ¤ ®§³ ¨ £C¦ ¡°®rµ �°¥ ¨ �r£`¶n¥p®²¶ ¯z¡°®r¦ ¤ ®r��¡°�h¢ ¨ «n¶ ¤ I £C±b£C®r¦ ¤ ¥KJ ¨ £z´ ¦ » £ ��¥p¦ ± ¤ 

Dpy(p) = D2

pπ(p) ¤ ¢9¢C« � �&£C¦ ± ¤ ¯Ë¥p®²¶��r¡ ¢ ¤ ¦ ¤ �p£9¢ £�� ¤ µg¶§£ ��® ¤ ¦�£z´ # ¤ ¦ » [Dpy(p)]p =

0 ¹
ÂHÃÅÄ!Ä�ÆbÇ�È ¼ÅÉ JLdlObY\x(K Ob_XjlO¾Ob_cK�xDde[XucYsObYsde[oO`_rjlO

y
Y\q¾qZY\[X]pi\KCÏ��ljpi\~XK(uoYs[ j�[XKDYs]e_{U�deW Ï

_Xd§dPu dp�
p
Ys|;�XisY\K(q Ob_XK�xDdp[XuXYsO`Y\de[cq@dp�ËO`_XK;K([h�eKDisde�²K;Ob_cKDdeWZKD|	� 	GKD|�KD| U²KDW@O`_rjlO

π(p) = maxy∈Y p · y
� �¿dpOzjli\isf;uXY���K(W`KD[hO`YkjlO`Y\de[�O`KDi\isq,~Xq,Ob_rj°OL�cW`d (XO`qGxz_rjp[X]eK<U²dpOb_

U�K(x¸jp~cq`K&�cW`Y\x(K�xz_rjp[X]pKDq jl[Xu�U²KDxDjp~XqZK�O`_XK;�cW`Y\x(KÎxz_rjp[X]eK�xz_rjp[c]eKDq/Ob_XK�de�cO`Y\|;jpi
yÈ·O`_XK@�eKDxCObdeWSdp��Y\[X�c~cObqGjp[cu�de~POb�X~cO`q É �

dπ

dp
=

∂π

∂p
+

∂π

∂y

∂y

∂p
= y(p) +

∂π

∂y

∂y

∂p
.

�Ë~cO [XdpObK<Ob_rj°O Ob_cK (rWZqZO¾dpW`uXK(W xDdp[XuXYsO`Y\de[cqLdp�ÍOb_XK �cW`d (XOL|;j°MPY\|�Y	�¸j°ObY\dp[4�XW`deUci\KD|
jpW`K ∂π

∂y
= 0.

�PdoY��ËRTK4jpW`K;jlO jp[^dp�cObYs|&jpi
y
Q1Ob_cK&xz_rjp[c]eK&Ys[��XWZd (XO`q ]eY��eKD[�Uhf^j

xz_rjp[X]pK¾Y\[
p
RGY\isi �Z~XqZOËKD�{~rjpi²Ob_XKS�eK(x(ObdpW

y(p)
� �,_XK(W`K(�·dpW`KpQcYsOÌ�·dei\isdÅRGq�Ys|;|�KDuXY\jlObK(isf

Ob_rj°O
∂π/∂pi = yi(p)

�
�

�,_XK (rWZqZO��XjpWZO dp�HÈ ÀeÉ Q9[rjp|�KDi�fVOb_rj°O
D2

pπ(p)
Y\qHqZf§|;|�K(O`W`Ysx&jp[cu���deqZYsO`Ys�eK�q`K(|;Y Ï

uXK�(X[XYsO`KpQX�·deisi\d RGqT�·WZde| O`_XK@xDde[h�pKCMPYsO�fBdp�
π
� Ê deWËO`_XK@q`K(xDde[cu��rjlWZOGdp�ËÈ ÀpÉ QXdeUcq`KDWg�eK

� � �
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Ob_XjlO,q`Ys[XxDK
y(p)

qZdeis�pKDq
maxy∈Y p · y

QPY�OÁ�·dei\isd RGqTOb_XjlO
p
qZdeis�pKDq

maxp′∈Rn p · y(p′)
�

�,_XK (rW`qgOZÏ�dpW`uXK(W de�cO`Y\|;jpi\Y�O�fax(de[XuXY�ObY\dp[ �·deW/Ob_XjlO i\jlO`O`KDW<�XW`dpUXi\K(|�Y\q
[Dpy(p)]p =

0. �

! ¹#"Á¹#$H¹
vLdlObKDisi\Ys[X]XÓ q�isKD|�|&jLjpi\isdÅRGq�~Xq9Obd@WZKDx(dÅ�pKDW�Ob_cK (rW`|	Ó q�xz_XdeY\x(KDq9�·WZde| O`_XKÁ�XWZd (XO��·~X[cxCÏ
ObYsde[!� �,_XKÎqZf§|�|;KCObWgfodp��O`_XK�|&j°ObW`Y M

Dpy(p)
Ysq@j4q`~XUcO`i\K KD|��XY\WZY\x¸jli�Ys|;�XisY\xDjlObYsde[

dp�,dp�cObYs|;Y��¸jlO`Y\de[VOb_cKDdeWgf�O`_rjlO RËjpq |�Y\qZq`K(unUhf^K(xDde[Xdp|;YsqZObq<RËdpW`y{Y\[X]oY\[�j��pKDWZUrjpi
ObW`jpuXY�ObY\dp[!�ÌvLY\qgObdeWZY\xDjpi\i�feQPO`_XY\qGx(de[XxDis~Xq`Ysde[BRÁjpq jpW`]p~XKDu	Obd�U�K<Y\|���dpWZOzjl[{OÁK(�§Y\uXK([XxDK
Ob_XjlOTj<|;jlOb_cKD|;jlObYsx¸jpirjl�X�XW`dejpxz_;O`dHK(xDde[Xdp|;YsxÁOb_XK(deWZfÎx(de~Xi\u;i\KDjpu�Obd [cK(R Ys[Xq`Ys]e_hObq
Ob_XjlO,RËdp~Xi\uBU²K<|�Y\qZq`K(u�UhfBj�|�KDW`K(isf;�eKDWZUrjpi¿jp�X�cW`dhjpxz_��

� � d
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�P~X�X�²deqZK&Ob_rj°OHO`_XK (rWZ|6�XW`d§uX~Xx(KDq j	q`Ys[X]ei\K�de~cO`�X~cO<RG_XdeqZK��{~rjp[hObY�O�f�YsqHucKD[XdpO`KDu
Uhf

q
� �,_XYsq (rWZ| ~Xq`K(qÁY\[c�X~cObq

z
jl[Xu;� jpx(KDqTY\[X�X~POË�XWZY\x(KDq

w
� �Sq`Y\[c]HOb_cK �XWZdPuX~cx(ObYsde[

�·~X[XxCObY\dp[	[cdpOzjlO`Y\de[�QPOb_cK (XW`|	Ó qGxDdpqZOS|;Ys[XY\|�Y	�DjlObYsde[Î�XW`dpUXi\K(|�x¸jp[BU²K@RGW`YsOZObK([�jlq �

min
z∈R

n

+

w · z

qD� O¸�
f(z) ≥ q

Ñ�[Vde~XW jp[rjpi�fPqZY\qLdp��Ob_XYsq¾�XWZdeUXi\K(|�Q�RTK RGY\isiÍjpi�RÁj¸f§q@jpqZq`~X|�K O`_rjlO@jli\i¿Y\[X�X~PO¾�XWZY\xDK(q
jpW`K,qgObWZY\x(O`isf ��deqZYsO`Ys�eK �

w � 0
� � q�~Xq`~XjpirY\[�de~cWÌqgOb~XuPf�dp��de�cObYs|;Y��¸jlO`Y\de[H�XW`dpUXi\K(|;q(Q

O�RËd<�·~X[XxCObY\dp[XqËjlW`KSdp�!x(KD[hObW`jpi�Y\[hObK(W`KDqgO¸���,_XK (rWZqZOÁYsq�Ob_XKSq`deis~cObYsde[�Obd/Ob_XKS�XWZdeUXi\K(|�Q
z(q, w)

��Ò^KGW`KC�·KDW�Obd
z(q, w)

jpq�Ob_cK�¯z¡°®²¶ ¤ ¦ ¤ ¡°®²¥ ¨ ­(¥§¯C¦�¡°±¾¶§£���¥p®²¶ËO`d<Ys[XuXYsx¸jlO`KÁOb_rjlOYsOTY\qÌxDde[cuXYsO`Y\de[rjlirde[�j (PMcK(u�i\KC�eK(i�dp�1dp~cOb�X~PO
q
� �,_XK¾qZKDx(de[Xu4Y\q�Ob_cK de�cO`Y\|;jpiX�ljpi\~cK

¼�� �
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�·~X[XxCObYsde[!���,_XK/de�cO`Y\|;jpi��ljpis~XK¾�·~X[XxCObYsde[4�·deWÁOb_XYsq,�XW`dpUXi\K(| Y\q��

c(q, w) = min
{z:f(z)≥q}

w · z,

ÑÐOLY\qSx¸jpisi\KDuBOb_cK	¯z¡ ¢C¦�­N�§®�¯C¦ ¤ ¡°®�]eYs�pKDqSOb_XK<|;Ys[XY\| ~X| x(deqZO¾jlOLRG_cY\xz_ade~POb�X~cO
q
x¸jp[

U²K@�XW`d§uX~Xx(KDu!�
ÑÐ�

f(z)
Ysq uXYs��KDWZKD[hObY\jpUXisK&jp[cu�xDde[XxDj¸�eKpQ�RTK4x¸jp[�~cq`K&O`_XK �@~X_X[PÏ ��~XxzylKDW�|�K(O`_XdPu

Obd q`dpis�eK4�·deW�O`_XKBxDde[XucYsObYsde[rjpiT� jpx(O`deWÎuXKD|;jp[XuXq(�
�,_cK �1jp]eW`jp[X]eY\jp[n�·deW Ob_cK�x(deqZO
�XWZdeUXi\K(| Ysq �

max
λ≥0,µ≥0

min
z

w · z − λ [f(z) − q] −
m∑

i=1

µizi.

�,_XK (rWZqZOZÏÐdeW`ucKDWGxDde[cuXYsO`Y\de[XqT�·W`de| O`_XK �1jp]eWbjl[X]eYkjl[��XW`dpUXi\K(|�jpW`K �

λ
∂f(z)

∂zi

≤ wi

RGYsO`_	K(�{~rjpi\Y�O�f�Y��
zi > 0.

jp[XuBdp��xDdp~XW`qZK<O`_XK/q`deis~cObYsde[4| ~XqgOLq`jlObYsqZ�©f;Ob_XK/�XWZdPuX~cx(ObYsde[BxDde[cqZObW`jpY\[hOD�
f(z) ≥ q.

�1jlObK(WDQ RTK�RGYsi\i°xDde|��rjpWZK9Ob_XK(q`K (rWZqZOZÏÐdeW`ucKDW�xDdp[XuXYsO`Y\de[cq�ObdÁO`_XK�de[XKDq1jlW`Y\qZY\[X]T�·W`de| Ob_XK
�XWZd (XO�|;j°MPY\|�Y	�¸j°ObY\dp[H�XWZdeUXisKD|	��Ñ�[ÎOb_XKG|�K¸jp[hO`Y\|�KpQlRTKSW`KDx(deW`u�j¾�·K(R �XW`dp��K(WZObYsKDq�dp�
Ob_cK xDdpqZO �·~c[Xx(O`Y\de[!�HÈ Ê dpW jÎ�·~Xi\i1W`K(xDY�Ozjpi¬Q²Ys[XxDis~XuXYs[X]Î�XW`de�²KDWgObYsKDq dl�9Ob_XKHxDde[cuXYsO`Y\de[rjli
� jpxCObdeW,uXK(|&jl[XuXqDQrqZKDKHm	Ò &ÎQM��WZde��dpq`YsO`Y\de[ Õ � � � À � É

���9���¿�Ì�e�¬�Í�������$�ÁÂHÃÅÄ+- �{Ã 9<F3� ; Ä�Æ
c(.) º!» £¾¯z¡ ¢C¦{­N�P®�¯C¦ ¤ ¡°® c » ¥°¢¦ » £�­¸¡ ¨©¨ ¡ # ¤ ®§³/�²±b¡z�r£C±N¦ ¤ £z¢��

¼ �
c(·) ¤ ¢ » ¡ �&¡`³§£C®�£z¡°�h¢ ¡ ­/¶§£�³p±z£z£ ¡°®�£ ¤ ® w

À �
c(.) ¤ ¢ ¤ ®�¯C±z£`¥°¢ ¤ ®§³ ¤ ® q ¹

�c�
c(·) ¤ ¢ ¥4¯z¡°®�¯`¥ �p£�­N�P®�¯C¦ ¤ ¡°®�¡ ­ w ¹

�X� H ­ f(·) ¤ ¢a¯z¡°®�¯`¥ �p£z´@¦ » £C® c(·) ¤ ¢	¥n¯z¡°®��p£�
�­N�§®�¯C¦ ¤ ¡°®w¡ ­ q
� ¤ ¹ £ ¹ ��¥p±¬³ ¤ ®²¥ ¨¯z¡ ¢C¦©¢H¥p±b£ ¤ ®�¯C±b£`¥°¢ ¤ ®§³ ¤ ® q �p¹

� � �



¼ �c� ¼ � � �@J � Ñ �,Ñ��@J��D� Ê � � ����	 �D�Ìm � J � �¾J � �Gv�� � �/���
Ê �LJ � �,Ñ��@J

Õ �@� » £��c¥p±Z¶�� ¢ 
¿£�� ��¥ � H ­ z(·) ¤ ¢	¢ ¤ ®§³ ¨ £Cµ �°¥ ¨ �r£`¶°´Î¦ » £C® c(·) ¤ ¢V¶ ¤ I £C±b£C®r¦ ¤ ¥KJ ¨ £
# ¤ ¦ » ±z£z¢��r£z¯C¦�¦�¡ w

¥p®²¶
∂c(q, w)

∂wi

= zi(q, w)

Ô � H ­ z(·) ¤ ¢T¥@¶ ¤ I £C±b£C®r¦ ¤ ¥KJ ¨ £X­N�§®�¯C¦ ¤ ¡°®c´�¦ » £C® ¦ » £ ��¥p¦ ± ¤ 
 Dwz(q, w) = D2
wc(q, w)

¤ ¢@¢C« � �&£C¦¬± ¤ ¯H¥p®²¶;®�£�³h¥p¦ ¤ �p£¾¢ £�� ¤ µg¶§£ ��® ¤ ¦�£z´Ì¥p®²¶ Dwz(w, q)w = 0 ¹

ÂHÃÅÄ!Ä�ÆbÇ È ¼ÅÉ �,_cK�x(deqZO��·~X[cx(ObYsde[
c(q, w)

Y\q�_Xde|�de]eK([XKDdp~Xq�dp�LuXKD]eWZKDKBde[XKBYs[
w

�

c(q, λw) = minz:f(z)≥q λw · z = λ minz:f(z)≥q w · z = λc(q, w)
�
�

È ÀeÉ �,_cK<x(deqZOG�·~X[cx(ObYsde[
c(q, w)

Y\q,Ys[XxDWZK¸jpqZY\[X]�Ys[
q
���¿d�qZ_Xd R�Ob_cY\qÁx(de[Xq`YsuXKDW

q′ > qjp[Xu4qZ~X�X�²deq`K¾O`_rjlO
c(q′, w) < c(q, w)

� �Ë~cOÁO`_XKD[BU²KDx¸jl~Xq`K¾RTK@_rj¸�eK¾�·WZKDK¾uXYsq`�²deqbjli�Q
joi\K(q`qHKCMP��K([Xq`Y��eK&RËj¸f�O`da�XWZdPuX~cxDK

q
RTde~Xi\u^U�K�Obdo�cW`d§uX~XxDK

q′
jp[Xu^O`_XKD[�Ob_XWZdÅR

j¸RÁj¸f
(q′ − q)

� �,_cK (rWZ| x(de~Xisu!Q�Ys[ O`_XY\q/RËj fpQÍ�XWZdPuc~XxDK;de~cOb�c~cO
q
�·dpWHj	xDdeqgO dl�

c(q′, w) < c(q, w)
� �T~cO�Ob_XYsq�xDde[hObW`jpuXYsx(Obq�O`_rjlO

c(q, w)
Ysq�Ob_XKGxDdpqZOTjlO�Ob_cKLqZdei\~cO`Y\de[

Obd�Ob_cK<x(deqZOS|�Y\[XYs|;Y��¸jlO`Y\de[��XWZdeUXi\K(|�� �,_XKDWZK(�·deWZKpQ
c(q, w)

Y\q,Y\[cxDW`KDjpq`Ys[X]ÎY\[
q
�
�

È � É � _XdPdpq`K4jp[hf�O�RËdV� jpxCObdeWH�XW`YsxDK&�pKDx(O`deW`q
w
jp[Xu

w′ jp[Xu�q`dp|;K t ∈ [0, 1],
jp[Xu

i\KCO
w′′ = tw + (1 − t)w′.

��K(O
z
U�KHj;qZdei\~cO`Y\de[BObd�Ob_XK (rWZ|�Ó qLx(deqZO |;Ys[XY\|�Y	�DjlObYsde[

�XW`dpUXi\K(|�jlO
(q, w′′)

QcOb_cKD[
f(z) ≥ q

��ÑÐ�¿Ob_XK (rWZ| RËjpqS� jlxDKDuBRGYsO`_BY\[X�X~POG�XW`YsxDKDq
wdeW

w′ Q z x(de~XisuÎjpi\qZd@U�KG~XqZKDuÎObd/�XW`d§uX~Xx(K q
Qh_Xd RËKC�eKDW(QXjlO�O`_XKDqZKGY\[X�X~PO��XW`YsxDKDq(QeOb_XK(W`K

|;Ys]e_hO�U�KSq`dp|;KCOb_XYs[X]HU²K(OZObK(WÌO`_rjp[
z
���,_{~XqDQ

c(q, w) ≤ w · z
jp[Xu

c(q, w′) ≤ w′ · z
�

�,_XKDWZK(�·deWZKpQ
tc(q, w)+(1−t)c(q, w′) ≤ tw ·z+(1−t)w′ ·z = w′′ ·z = c(q, w′′) . �

È � É ��KC�©OS�·dpWÁfede~BObdÎ�XWZdÅ�pKp�
�

È ÕeÉ Ò�K/y{[Xd R�Ob_rj°O
c(q, w) = w · z(q, w) .

� Ys��KDWZKD[hObY\jlObYs[X]�U²dpOb_Bq`YsuXKDq,RGY�Ob_BW`K(q`�²KDx(OSObd
wi
]eY��eKDq��

∂c(q, w)

∂wi
= zi(q, w) +

∑

j

wj
∂zj(q, w)

wi
.

� � �
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Òw_rjlOËOb_XYsqË|�K¸jp[XqËY\qTO`_rjlO,Y���RËK@W`jpY\qZKLO`_XK¾�XWZY\xDK dp�¿Y\[X�X~PO
i
QPOb_XK¾WZKDqZ~XisO`Y\[X] xz_Xjp[X]eK

Y\[Vx(deqZO<[XK(KDuXK(u�O`d	�cW`d§uX~XxDKÎde~POb�X~cO<isK(�eK(i
q
xDdp|;K(q/�·WZde|�O�RTdBObKDWZ|;q(� Ê Y\WZqZODQ!Ob_XK

jp|�de~X[hO
zi

Ob_rjlO�O`_XK (XW`| uXK(|&jp[cuXKDu;U�KC�·deW`KGY\q�[Xd R |�deWZKSKNMP��K([Xq`Y��eK¾jl[Xu;qZKDx(de[Xu!Q
Ob_cK (rWZ| RGY\i\ih�cW`deUrjlUXisf@RËjp[hOÍO`d ~XqZKËi\K(q`q¿dp�rYs[X�X~cO

i
[cdÅR�O`_rjlO�YsO¿Y\q¿|�deW`KÌKCMP�²KD[XqZYs�eK

jp[Xu RGYsi\iPjpi\qZd RËjp[hO�Obd@xz_rjp[c]eKÁOb_XKGjl|;de~c[{O`q9dp�²dpO`_XKDW9Ys[X�X~cO`q9uXK(|&jp[cuXKDu�È·O`_XK (rWZ|
RGY\isiXRÁjl[{OTObdH~Xq`KL|;deWZKLdl�!Y\[c�X~cObqÌOb_rj°OÁjpWZKLqZ~XUXqgObYsO`~cObK(qT�·deWÌY\[c�X~cO

i
jp[cu&RGY\isiXRÁjp[hO

Obd	~XqZK&i\K(q`q/dp�,Ys[X�X~cO`q@Ob_rjlO jpWZK�x(de|��Xi\K(|;K([{O`q/dp�ÁYs[X�X~cO
i
É � �,_XK;W`KDqZ~XisO/O`_rjlO<RËK

RËjp[hOGY\qÁOb_XjlO,Ob_XYsqÁq`~c|;|;jlObYsde[&O`KDW`| Y\q$�(KDW`dc� 	SK(x¸jpisi�Ob_XjlO
z(q, w)

YsqÁOb_XK@qZdei\~cO`Y\de[
dp�¿Ob_XK/x(deqZOS|�Y\[XYs|;Y��¸jlO`Y\de[Î�XWZdeUXi\K(|����,_cK (XW`qZOgÏ�deWZuXKDWGx(de[XuXY�ObY\dp[��·deW

zi

Y\q

wi = λ
∂f(z)

zi

.

�,_XYsq¾qZO`Y\i\i¿Y\qZ[!Ó O@�{~XYsO`K RG_rjlO¾RTK RËjp[hO¸Q�q`d4x(de[XqZY\uXK(W¾Ob_XK YsuXKD[hO`YsO�f
f(z(q, w)) = q

�
ÑÐ�¿RËK<uXYs��KDWZKD[hObY\jlObK@U²dpO`_	qZY\uXK(q,RGYsOb_BWZKDq`�²KDxCOLO`d

wi

RËK<]eK(O
∑

j

∂f

∂zj

∂z(q, w)j

∂wi
= 0 .

ÑÐ�¿RËK<Y\[XqZKDWgO,Ob_XK (rWZqZOZÏÐdeW`ucKDWGxDde[cuXYsO`Y\de[!Q§RËK<deUcObjpY\[

1

λ

∑

j

wj
∂z(q, w)j

∂wi

= 0 .

�,_XYsq Y\qSRG_rjlO¾RTK RËjp[hO¸��� q i\de[X]&jpq
λ
Y\qZ[!Ó O �DK(W`d4deWLY\[ (r[cYsObKlQ ∑

j wj
∂z(q,w)j

∂wi
= 0jp[Xu4O`_XKDWZK(�·deWZKpQ

∂c(q, w)

∂wi
= zi(q, w). �

È ÔeÉ �1KC�©O,�·deWÁfedp~�ObdÎ�XWZd �eKp�
�
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	SKCOb~XWZ[XY\[c] O`d�dp~XWÎxz_rjpWbjlx(ObK(W`Y��¸jlO`Y\de[�dp�LOb_XK (rWZ|�Ó qÎ�XW`dpUXi\K(|�Q�q`~c�X��dpq`KBOb_XK (rW`|
q`dei��eK(q Ob_XK;xDdeqgO |�Y\[XYs|;Y��¸jlO`Y\de[o�XW`deUci\KD|��·deW<K(�pKDWgf

q
Q9]eYs�§Ys[X]�Y�O j	xDdeqgO �·~X[XxCObYsde[

c(q, w)
� �,_XK<�XW`d (XOG|&jÅMcYs|;Y��¸jlO`Y\de[;�XW`dpUXi\K(| x¸jl[	O`_XKD[	U�K/qZKDKD[ojpq �

max
q

pq − c(q, w)
�

�,_XY\qG�XWZdeUXisKD| ]pYs�eK(q,Ob_XK@� jp|�de~Xq (rWZqZOgÏ�deWZuXKDW,x(de[XuXY�ObY\dp[Xq �

p =
∂c(q, w)

∂q

Q

KD�{~rjlO`Y\[X]��XW`YsxDK;jp[Xu�|&jpWZ]eY\[Xjpi9xDdpqZO¸�	�§do�XWZd (XOH|&j°MPYs|;Y��¸jlO`Y\de[aYs|;�ci\Y\K(q¾Ob_rj°OHO`_XK
xDdeWZW`K(x(OSq`_rjluXd R �XW`YsxDK@YsqÁOb_XK/|;jpW`ylK(OS�XW`YsxDK¾�·deW,dp~cOb�X~PO

p
�

' �;% � ��? -	�B.�> -�
&0(F 0 �,-@.100- 2 � 0N.¿A - (�0(243H+C*�� )�. .�)4.

� de[XqZY\uXK(WÍOb_XK,�cW`d (XOÍ|&jÅMcYs|;Y��¸jlO`Y\de[/�XWZdeUXisKD| RG_XKD[ O`_XKDWZK,Y\qÍdp[Xisf j q`Ys[X]eisKËde~cO`�X~cOD�
ÒwYsO`_aj��pKDxCObdeW

z = (z1, ..., zM)
dp��Y\[c�X~cObq jp[Xuoj;q`Ys[X]eisKHde~POb�X~cO

f(z)
Q²O`_XK �XWZd (XO

|&jÅMcYs|;Y��¸jlO`Y\de[;�XW`dpUXi\K(| x¸jl[�U²K@q`Ys|;�XisY�(rK(u�Obd �

max
z∈R

m

+

p · f(z) − w · z,

RG_XKDWZK
p
W`K �rKDxCObqLO`_XK<�XW`YsxDK<dp��de~cO`�X~cOLjp[Xu	Ob_XK<�eK(x(ObdpW

w � 0
WZK �rK(x(O`qLOb_cKHYs[X�X~cO

�XW`YsxDK(qD� �LKD[XdpO`K�Ob_XK�|;j°MPY\|�Y	�(Y\[X]�q`deis~cObYsde[aUhf
z(p, w)

���,_XK(W`K�|;j foU�K�| ~XisO`Y\�XisK
q`deis~cObYsde[XqLdeW¾[Xd4qZdei\~cO`Y\de[	�·deW¾qZde|;KH�XW`YsxDK �pKDxCObdeWZq

(p, w)
Q�UX~cO¾RTK RGY\isi¿�·d§xD~Xq de~XW

jp[rjpi�f§q`Y\q,dp[BO`_XK@x¸jlq`KDqGRG_XK(W`K@Ob_XK/qZdei\~cO`Y\de[&Y\qGj�q`Ys[X]ei\KCObde[�QcY\[4RG_XYsxz_Bx¸jpqZK
z(p, w)uXKD[cdpObK(q&Ob_XK;­(¥§¯C¦ ¡°±o¶§£���¥p®²¶°¢Vj°O��XWZY\xDK(q

(p, w)
� ÑÐ�

f(z)
Y\q;uXYs��KDWZKD[hObY\jpUXisKojp[cu

xDde[cx¸j¸�eKlQ�O`_XK¾� jpxCObdeW,uXK(|&jl[XuXq<È·RG_cKD[BOb_XKCf4KCMPY\qgO � É xDjp[BU�K¾�·dp~X[XuBUhf4q`dei��§Y\[X] O`_XK
� � )
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(rWZqZOZÏÐdeW`ucKDW,xDdp[XuXYsO`Y\de[cq �9�·deWGjpisi
i
Q

p
∂f(z)

∂zi

≤ wi

RGY�Ob_BKD�{~rjpisYsO�f&Ys�
zi > 0.

ÑÐOÎY\q�Ys[hObKDWZKDqgObY\[c] O`d xDde|��rjpWZK�Ob_XYsq q`deis~cObYsde[nObdVO`_rjlOÎdp�SOb_XKBx(deqZO�|�Y\[XYs|;Y��¸jlO`Y\de[
�XWZdeUXi\K(|�� �,_XKDWZKpQrOb_XK (rWZqZOSdeWZuXKDW,x(de[XuXY�ObY\dp[XqÁRËK(W`K/Ob_rj°O

λ
∂f(z)

∂zi
≤ wi

RGYsO`_	K(�{~rjpi\Y�O�f4Ys�
zi > 0

�,_{~XqDQ9RGY�Ob_
f
xDdp[Xx¸j¸�eKlQ�de[XK&xDjp[^O`_XY\[cyVdp�,�XWZd (XO |;j°MPY\|�Y	�DjlObYsde[ jpq<Ob_XK;q`�²KDxDY\jpi

x¸jlq`K@dp��xDdeqgOG|;Ys[XY\|�Y	�DjlObYsde[ÎY\[�RG_XYsxz_4Ob_XK@qZ_rjpuXd R��cW`Y\x(K@dp�¿de~cO`�X~cOGY\qTOb_XK/|;jpW`ylK(O
�XWZY\xDK

p
� �,_XKDWZK Y\qÌ|�deW`K,Obd<Ob_XYsqÌjpxDx(de~X[hO¸� Ê W`dp|#Ob_XKSKD[h�eK(i\de�²KLO`_XKDdpW`KD|	Q{RËKL_rj¸�eK �

λ =
∂c(q, w)

∂q
.

�,_{~XqDQXjlOÁOb_cK¾q`deis~cObYsde[;O`d Ob_XK xDdeqgO,|;Ys[XY\|�Y	�DjlObYsde[��XWZdeUXi\K(|�Q{Ob_cK¾q`_rjluXd R �ljpis~XK dp�
de~cO`�X~cO

λ
Ysq,KCMcjpx(O`isf�O`_XK/|&jlW`]eYs[rjpi²xDdeqgOLdl�Í�XWZdPuc~Xx(O`Y\de[!�

Òw_XK([
f
Y\q�x(de[Xx¸j¸�pKpQËO`_XK	jp�X�XWZdhjpxz_ UrjpqZKDu dp[ (rWZqZOgÏ�deWZuXKDWÎxDdp[XuXYsO`Y\de[cq Y\qÎ~XqZK(�·~Xi

�·deW<RËdeWZy{Y\[X]VKNMXjl|;�XisKDq�jl[Xu�deUcObjpY\[XYs[X]B�·deW`| ~cikj	O`_rjlO�xDjp[�U²K�~Xq`K(u�ObdVxDdp|;�X~PObK
q`dpi\~cO`Y\de[XqL[{~X|;K(W`Ysx¸jpisisfe� �,_XK�x(de[h�eKNMcY�O�f jpq`qZ~X|��cObYsde[o� jpYsi\q Ys[Vq`KC�eKDW`jpi�Y\[hO`KDW`K(qZO`Y\[X]
x¸jlq`KDq(Q�q`~Xxz_}jlq de[XK(q RG_XK(W`K&O`_XKDWZK�jpWZK (cMPKDu�x(deqZO`q dp�,�cW`d§uX~Xx(O`Y\de[^deW<RG_cKDW`K;Ob_XK
�XWZdPuX~cx(ObYsde[nqZK(Obq KCMP_XY\UcYsObq Y\[Xx(W`K¸jlq`Y\[c]aW`KCOb~XWZ[XqD�VÑÐO O`~XW`[cq�de~cO O`_rjlO xDde|��rjpW`jlObY��eK
qZObjlObYsxDq¾x(de[Xx(i\~XqZY\de[Xq¾jpW`K i\jpW`]pKDisf	Ys[XuXKD�²KD[cuXKD[hO/dp�ÌxDdp[{�pKCMPYsO�fVjpq`qZ~X|;�PObY\dp[XqDQ!qZd4RËK
jp�X�cW`dhjpxz_;Ob_XK¾�cW`deUXisKD| dp��x(de|��rjpWbj°ObYs�pK qgOzjlO`Y\xDqT~Xq`Ys[X] |�K(O`_XdPucqTOb_XjlOÁuXd [XdpOÁWZKDi�f
de[}xDdp[{�pKCMPYsO�fp� �,_XK (rW`qgO;WZKDqZ~XisOÎYsqÎjp[}K¸jpqgf�de[XK4Ob_XjlO��·dei\isd RGq �·W`de| Ob_XK4i\j¸R dp�
q`~c�X�Xisfp�

� � �
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�,_XY\q/xz_rjl�cObK(W<KNMcjp|;Ys[XKDq@_cdÅR�Ob_XK (rWZ|�Ó q@de�cO`Y\|;jpiÍ�cW`d§uX~Xx(O`Y\de[Vxz_cdeY\x(KoÈ·deW@Y\[VO`_XK
x¸jpqZKHdl�Í|�de[Xde�²dei�feQc�cW`Y\x(K É xz_rjl[X]eKDqG�·deWGY\[cxDW`KDjpq`K(qGdeWGuXKDx(W`K¸jlq`KDqLY\[BKCMPde]pKD[Xde~cqL�rjÅÏ
Wbjp|�K(O`KDWZq4È ~cq`~rjpisisf �XWZY\x(KDq É � �,_XK(q`K�ObK(xz_X[XYs�§~cKDq xDjp[�U�K&jp�X�XisY\K(u�Obdaj��ljpW`YsK(O�f dp�
jp�X�XisY\xDjlObYsde[XqDQ _cdÅRTK(�pKDW(QhU�K(x¸jp~XqZKTO`_XKTx(de[XqZ~X|;K(WDÓ qÍxz_XdpY\xDKÌq`KCOÍYsq1dp�©ObK([ [XdpO�jGikjlOZObYsxDKpQ
Ob_XK(q`K/ObK(xz_X[XY\�{~XK(q jlW`K/[XdpOG~XqZ~rjpisisf4jl�X�Xi\YsKDu4Ys[	x(de[XqZ~X|;K(W,Ob_XK(deWZfp�

'��4%D' ( ) .V*Á?ÍF -�I )B+(-@?Í0N.M+ -<2BI �²: -/. -H2B* E 0�� *Á?Í*G2B7Ë*G:

�	��
r���,���������
����Ä2F G
z = x ∨ y

|�K¸jp[Xq
zi = max{xi, yi} ∀ i = 1, . . . , N

�	��
r���,���������
�	� �/�K9
z = x ∧ y

|�K¸jp[Xq
zi = min{xi, yi} ∀ i = 1, . . . , N

Ò^K RGY\isi@[XKDK(u Obd�KCMP�XisY\xDY�Obi�ftuXK�(r[XK
≥
dp[

R
N ��Ò�K�RGY\isi¾qbj¸fwOb_XjlO

x ≥ y
Ys�

∀ i = 1, . . . , N
Q
xi ≥ yi

���,_XY\q,YsqGjÎ�XjpWZO`Ykjpi�deW`uXK(WDQcRG_cY\xz_	Y\qÁObdÎq`j f&Ob_rjlO
(RN ,≥)Y\qGj��rjpWgObY\jpi\i�f;dpW`uXK(W`KDu	q`KCO¸�

�	��
r���,���������
� �*;DÄ 9 Ä2G'� F8G�
 F "$�{Ã�� G�� � ; � �·~X[XxCObYsde[
f(x, w)

Y\qGqbjpYsu	O`d;U²K Ñ�qZdpObde[cK
� Y���K(W`KD[cxDKDqY\qZdpObde[cK@È Ys[XxDWZK¸jpqZY\[X] É Y\[ uXYs��KDWZKD[Xx(KDq9Y��r�·deW

x′ ≥ x
Q
f(x′, w)−f(x, w)

Y\qÍYs[XxDWZK¸jpqZY\[X]
Y\[

w
�

¼�� �
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�	��
r���,��������� � 3:7'- �{Ã ��Ä�� 7�5 EXÃ � �·~X[cx(ObYsde[
f : R

N → R
Y\qGq`~X�²KDWZ|;d§uX~Xi\jpW�P~X�²KDWZ|;d§uX~Xi\jpW

Ys�
∀ x, y ∈ R

N f(x) + f(y) ≤ f(x ∧ y) + f(x ∨ y)
�

JLd RwOb_XjlOÁRTK<_Xj �pK¾Ob_XK(q`K@uXK�(r[XY�ObY\dp[XqDQPY\qÁYsqÁ[rjlO`~XWbjpi²Obd�x(de[Xq`YsuXKDWTOb_XK@WZKDikj°ObY\dp[Xq`_XYs�
U²K(O�RTKDKD[	Ob_XK(q`K/O�RËd�xDdp[XxDK(�cObq(�

� 7'� ;*9<F·Ä2G��ÁÑ�q,O`_XKDWZKHjl[{f�uXYs��KDWZKD[Xx(K<U²K(O�RTKDK([aq`~c��K(W`|�dPuX~cikjpWZYsO�f&jp[Xu
Ysq`dpO`de[XK@uXY���K(W`KD[cxDKDq �
� G�;�� �{Ã��oÑÐ�

f : R
2 → R

Q�Ob_XK([ O`_XKBjp[XqgRËK(W;Ysq�[XdX��vSdÅRTK(�pKDW(QÁY\[
]eK([XKDW`jpi!Ob_cKDW`K/YsqGjÎucYs��KDW`K([XxDKl� � de[Xq`YsuXKDW,O`_XK@�·dei\isdÅRGYs[X] �·~X[cx(ObYsde[

f(x, y, z) = xyz − yz

�,_XYsqË�·~X[XxCObYsde[�qbj°ObY\q (rKDq,Ysq`dpO`de[XK È Y\[cxDW`KDjpq`Ys[X] É uXYs��KDWZKD[Xx(KDq,Y\[
(x; y, z)

Q
UX~PO;YsqÎ[XdpO�q`~X�²KDWZ|;d§uX~Xi\jpW�Y\[

(x, y, z)
�t�P~X�²KDWZ|;d§uX~Xi\jpW`Y�O�f^WZKD�{~XY\WZKDq

Ysq`dpO`de[XK�uXYs��KDWZKD[Xx(KDq U²K(O�RTKDK([�K(�eK(WZf^�rjpY\W<dp�Á�ljpWZYkjpUci\KDq(�	JLdpO`Y\xDKÎOb_XjlO
�·deW

x < 1
Q
yz
_rjlqGO`_XK@RGW`de[c];qZY\]e[!�

�	��
r���,��������� ��� E�9 9 F � � ���rjlWZObY\jpi\i�f�deWZuXKDWZKDuaqZK(O
X
Ysq j�ikjlOZObY\x(K@Ys�

∀ x, y ∈ X
Q

x ∨ y ∈ X
jp[cu

x ∧ y ∈ X
�

JLdlObKpQPOb_XYsqÁY\qË�pKDWgf4Y\|���dpWZOzjl[{OTU²KDx¸jl~Xq`K<j �·~X[XxCObYsde[4x¸jp[Bde[cisf;U�K@qZ~X��K(W`|�dPuc~XikjpWTYs�
YsO<Ysq<ucK�(r[XK(und �eK(W j�i\jlO`O`Y\x(Kp� �,_cY\q<Y\q@RG_hf O`_XKDqZK;O`KDxz_X[XYs�{~XKDq xDjp[X[XdlO jpi�RÁj¸f§q<U�K
jp�X�ci\Y\K(u4Y\[BxDdp[Xq`~X|�KDWG�XWZdeUXisKD|�q � O`_XK/xz_XdeY\x(K/q`K(OSYsq,[XdpOG~XqZ~rjpi\i�f4j�ikj°O`ObYsxDKl�
� de[XqZY\uXK(W�j��·~X[cx(ObYsde[

f(x; θ)
Ob_XjlO uXK(��K([XuXq�de[}j	�eKDxCObdeW dp�Gxz_XdeYsxDK&�ljpWZYkjpUXisKDq

xjp[Xu;j@�eKDxCObdeWTdp�!KNMPde]eKD[cde~XqË�XjpWbjp|�K(O`KDWZq
θ.
�ÍjpUci\K ¼ �X� ¼ Ysi\is~XqZO`WbjlO`KDqÍO`_XKLucK�(r[XY�ObYsde[Xq

dp��q`~X�²KDWZ|;d§uX~Xi\jpW`Y�O�f4jp[cu�Ysq`dpO`de[XK�È Ys[XxDWZK¸jpqZY\[X] É uXYs��KDWZKD[Xx(KDqSY\[	j�]pKD[XK(Wbjpi1jp[cu�uXY��kÏ
�·KDWZKD[hObY\jpUXisK@q`K(OZObYs[X]�È·RG_XK(W`K

f(.)
Y\qÁO�RGYsxDK/xDdp[{O`Y\[{~Xde~cq`isf&uXYs��KDWZKD[hObY\jpUXisK É �

� � �
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��jpUXi\K ¼ �X� ¼ �Ì�P~X�²KDW`|�d§uX~XikjlW`YsO�f;jp[cu�Ñ�qZdpObde[cK �LYs��KDW`K([XxDK(q

*HÄ2G ��F 9<F Ä2G � � G'�{Ã E 5�3��K9 9 F8G'� 
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�P~X�²KDWZ|;d§uX~Xi\jpW
∀ x, y ∈ X

jl[Xu
∀θ ∈ Θ ∂2f

∂xi∂xj
≥ 0

�·dpW
i 6= jY\[

x f(x ∨ y; θ) + f(x ∧ y; θ) ≥ f(x; θ) + f(y; θ)

�P~X�²KDWZ|;d§uX~Xi\jpW
∀ x ∈ X

jp[cu
∀θ, θ′ ∈ Θ ∂2f

∂θi∂θj
≥ 0

�·deW
i 6= jY\[

θ f(x, θ ∨ θ′) + f(x, θ ∧ θ′) ≥ f(x; θ) + f(x; θ′)

Ñ�q`dpO`de[XK � Y���K(W`KD[cxDKDq
∀ x′ ≥ x

jp[Xu
∀θ′ ≥ θ ∂2f

∂xi∂θj
≥ 0 ∀ i, jYs[

(x, θ) f(x′, θ′) − f(x, θ′) ≥ f(x′, θ) − f(x, θ)

�P~X�²KDWZ|;d§uX~Xi\jpW
∀ (x, θ), (x′, θ′) ∈ X × ΘYs[

(x, θ) f((x, θ) ∨ (x′, θ′)) + f((x, θ) ∧ (x′, θ′))
�Li\i!dp�¿Ob_cKHjlU�d �eK

≥ f(x; θ) + f(x′; θ′)

'��4%&% ' A4* 'B- .B8�0D: > -H2 -<. -H240D7Ë0N.M+ ' A4* -<?�*GF

Ò^K@RGYsi\i�x(de[XqZY\uXK(WGO`_XK/]eKD[cKDWbjli�de�cObYs|;YsqbjlO`Y\de[;�XW`dpUXi\K(| �

V (θ) = max
x∈X

{f(x, θ) + g(x)}

RG_XKDWZK Ob_cK �·~X[XxCObY\dp[
f(x, θ)

|&jl�XqTO`_XK qZ�rjpxDK
X ×Θ

ObdHO`_XK¾WZK¸jpi²[{~X| U²KDW`q
R
jp[cu

g(x)
|;jp�Xq

X
Obd

R
�9Ò^K@RGY\isi�O`_XKD[�uXK�(r[cK/O`_XK/xDdeWZW`K(q`�²de[XuXK([XxDK �

x∗(θ; g) =
jlW`]

max
x∈X

{f(x, θ) + g(x)}

Obd�U²KLO`_XK@q`KCO,dp�1de�cO`Y\|;jpi�xz_XdeYsxDKDq,]pYs�eK([
θ
jp[cu

g
�ÍÒ^KLRÁjp[hO,O`d KCMcjp|�Y\[XKLRG_XK(O`_XKDW

x∗(θ; g)
Y\q,Ys[XxDWZK¸jpqZY\[X]�deW,ucKDxDWZK¸jpqZY\[X]�Y\[

θ
�

� � �
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�ËÄ+-�=:F ; � Ä@G1Ä 9 Ä2G F��KF 90? ���'�{Ä²Ã �/� � ¢z¢C� �&£ ¦ » ¥p¦ X ⊆ R
n ¤ ¢Î¥

¨ ¥p¦ ¦ ¤ ¯z£@¥p®²¶�¦ » ¥p¦ Θ ¤ ¢<¥ �c¥p±C¦ ¤ ¥ ¨©¨ «&¡°±Z¶§£C±b£`¶ ¢ £C¦ ¹ H ­ g(.) ¤ ¢S¢C�Å�r£C±��&¡D¶p�§µ
¨ ¥p±b´�¥p®²¶ ¤ ­ f(.) ¤ ¢S¢C� �r£C±��&¡D¶p� ¨ ¥p± ¤ ® x

¥p®²¶ » ¥°¢ ¤ ¢ ¡°¦�¡°®�£ � ¤ ®�¯C±b£`¥°¢ ¤ ®§³ �¶ ¤ I £C±b£C®�¯z£z¢ ¤ ® (x; θ)
´Ì¦ » £C®

x∗(θ′; g) ≥ x∗(θ; g) ∀ θ′ ≥ θ

¦ » ¥p¦ ¤ ¢z´ x∗(θ; g) ¤ ¢<®�¡°®²¶§£z¯C±b£`¥°¢ ¤ ®§³ ¤ ® θ ¹

����������� 	 
���
�����
���������
����� "!

� de[XqZY\uXK(W,Ob_XK@�·deisi\d RGY\[X]H|&jÅMcYs|;Y��¸jlO`Y\de[;�XW`dpUXi\K(| �

max
k,l≥0

{pf(k, l) − wl − rk}

RG_XK(W`K�RËK;jpqZq`~X|�K�Ob_rjlO/dp~cOb�X~POHYsq@Y\[Xx(W`KDjpq`Ys[X]BY\[ U�dlOb_ Y\[X�c~cObq/jp[cu O`_rjlO/x¸jl�XYsObjpi
k
jp[Xu	ikjlU�deW

l
jpWZK<qZ~XUXqgObYsO`~cObK(qDQrOb_XjlOGY\q

flk ≤ 0
QrqZd�Ob_rjlOSYs[XxDWZK¸jpqZY\[X] O`_XK/~Xqbjp]pK<dl�

de[XK�Ys[X�X~cO<WZKDuX~Xx(KDq/Ob_XKÎ|;jpW`]pY\[rjpi¿�XWZdPuX~cx(O<dp�ÌOb_XKÎdpO`_XKDW@Ys[X�X~cOD� � q`qZ~X|�K�Ys[VOb_XK
q`_cdeWZO,WZ~X[�Ob_XjlO,x¸jl�XYsObjpi�Ysq (cMPKDu	jp[cu4q`d Ob_cK (rW`| x¸jp[4dp[Xisf�xz_Xd§deq`K¾O`d �ljpWZf;ikjpU²deW(�
��K(O

Ω(k̄, l; p, w, r) = pf(k̄, l) − wl − rk̄

q`Ys[XxDK
k
Y\q (cMPKDu jlO

k̄
Q9Ob_XK&de[Xisf xz_XdpY\xDK;�pjlW`YkjlUXi\K�Y\q

l
�V�PY\[Xx(K&Ob_cKDW`K&Y\q dp[Xisf de[XK

xDdp[{O`W`dei��ljpW`Y\jpUXisKpQ
Ω(k̄, l; p, w, r)

YsqËq`~c��K(W`|�dPuX~cikjpWÌY\[
l
�Ì�PdcQPObd jp�X�Xi�f�O`_XK��¿de�Xy{Ysq

m�de[cdpObde[cY\xDY�O�f �,_XK(deW`K(|�QrRTK [XK(KDuoO`d;qZ_Xd R Y\q`dlObde[XK<uXY���K(W`KD[cxDKDq(� ��d;uXd;O`_XY\q(QrRËK
[XK(KDunObdoxz_XKDxzy^O`_rjlOHOb_XK�x(W`deqZq �rjpWgObY\jpi�uXKDWZYs�ljlObY��eK(q U²K(O�RTKDKD[ ikjlU�deW<jp[cu�K¸jpxz_�dp�
Ob_cK<�XjpWbjp|�K(O`KDWZqGjpW`K/[Xde[§Ï�[XK(]hjlObY��eKl�

∂Ω

∂l
= pfl − w

� �bd
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�Pd�[Xd R RTK<xz_cKDxzy4ObdÎq`K(KHY��1Ob_XK/xDWZdeq`qS�rjpWgObY\jpi\q,jlW`K@[Xde[§Ï�[XK(]hjlObY��eK �

∂2Ω

∂l∂p
= fl ≥ 0

∂2Ω

∂l∂r
= 0 ≥ 0

∂2Ω

∂l∂w
= −1 6≥ 0

�PdBRËK;x¸jp[X[cdpOHjp�X�Xi�faOb_XK,�¿de�Xy{Y\q �,_XK(deW`K(|��&vLd RËKC�eK(WDQ9Y��TRTK;ucK�(r[XK;jB[XK(R �rjÅÏ
Wbjp|�K(O`KDW

w̃ = −w
QcOb_cKD[BRËK<x¸jp[	W`KNÏÐRGWZYsObK¾O`_XK/�XW`dpUXi\K(|�jpq��

Ω(k̄, l; p, w̃, r) = pf(k̄, l) + w̃l − rk̄

JLd R RTK<_rj¸�eK/Ob_rjlO
∂2Ω

∂l∂w̃
= 1 ≥ 0

�Pd/RËKG_rj¸�eKSq`_cdÅRG[�Ob_rj°O
Ω(k̄, l; p, w̃, r)

Y\q�qZ~X��K(W`|�dPuc~XikjpWÍY\[
l
jp[cu;_rjlqÌYs[XxDWZK¸jpqZY\[X]

uXYs��KDWZKD[Xx(KDq	Y\[
(l; p)

Q
(l; r)

QLjp[Xu
(l; w̃)

� �,_{~Xq(Q@UhftOb_XK �¿de�Xy{Y\q�m�dp[XdpObdp[XY\x(YsO�f
�,_XKDdpW`KD|	Q

l(p, w̃, r, k̄)
Ysq�[Xde[XuXK(xDWZK¸jpqZY\[X] Y\[

p
Q
r
QËjp[cu

w̃
�nÒw_XYsxz_�|�K¸jp[cq Ob_rjlO

l(p, w̃, r, k̄)
Ysq,[Xde[XYs[XxDWZK¸jpqZY\[X]�Ys[

w̃
�

����� ����� ��� ��������� � ��
� ���
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�,_XY\q<ikjlqZOH��deYs[hOHYs[�O`_XK;KNMcjp|;�ci\KpQ¿Ob_rj°O
l(p, w̃, r, k̄)

Y\q/[Xde[XYs[XxDWZK¸jpqZY\[X]�Y\[
w̃
Q�x¸jp[

U�K@qZ_Xd RG[	O`dÎ_Xdei\u4]pKD[XK(Wbjpisisfe�9vLKDWZK@RËK<jp�X�cisf;|;de[cdpObde[cK¾xDde|��rjpW`jlObY��eK¾qgOzjlO`Y\x(qÁObd
�XW`d �pK j/W`K(q`~Xi�OËjlU�de~POT_cdÅR xDde[cuXYsO`Y\de[rjlic� jpx(O`deW�uXK(|&jp[cuXq�RGY\i\icxz_rjp[X]eKGRGYsO`_;�cW`Y\x(KDq(�

���9�������e����������� �
∀ i, q

´
zi(q, w) ¤ ¢<®�¡°® ¤ ®�¯C±b£`¥°¢ ¤ ®§³ ¤ ® wi.

�,_XY\q<�XWZde��dpq`YsO`Y\de[ q`Ys|;�cisfaqgOzjlO`KDq<Ob_rjlOHxDdp[XuXYsO`Y\de[Xjpi9� jpx(O`deW/uXKD|;jp[Xucq jpWZK�RTK¸jpy{i�f
uXKDx(W`KDjpq`Ys[X]&Ys[	d RG[��XW`YsxDKp�
�,_rjlOLY\q(QrYs�¿Ob_XK<�XWZY\xDK/dp�Íjp[�Y\[X�X~POG]edPK(qL~c�!QXOb_XK (rWZ|�Ó q
uXKD|;jp[XuB�·deWÁO`_rjlOGY\[c�X~cOG]ed§KDqGuXd RG[!�

� � �
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Â<Ã°Ä�Ä²Æ`Ç �,_XK¾ObW`jpuXY�ObY\dp[rjpi��XW`d§dp� Qcjp[XuBqZO`Y\i\i�Ob_cK@K¸jpqZY\KDqgO¸Qr|�Y\|�Y\x(qÌO`_XK/jpW`]p~X|;K([hOÁ�·deW
Ob_cK�ikj¸R^dl�cqZ~X�X�Xi�fe� �Ë~cO1Wbj°Ob_XK(W1O`_rjp[@OzjlypK�Ob_XK�KDjpqZf RÁj¸f/de~cODQ Ob_XYsq�Y\q�j,]ed§dPu@xz_Xjp[XxDK
Obd}Ysi\i\~cqZObW`jlObK�Ob_XK �¿de�Xy{Y\q �,_XK(deW`K(|�� � de[XqZY\uXK(WBO`_XK (rW`|	Ó q	x(deqZO�|�Y\[XYs|;Y��¸jlO`Y\de[
�XWZdeUXi\K(|

min
{z∈R

n
+
|f(z)≤q}

w · z

jp[Xu<i\KCO¿~Xq�x(de[XqZY\uXK(W�|;j°MPY\|�Y	�(Y\[X]ËO`_XKÌ[XKD]hj°ObYs�pK�dp�cO`_XKTdpU �ZKDxCObYs�pKTW`jlOb_cKDW1Ob_rjp[<|�Y\[XY Ï
|�Y	�DYs[X],Ob_XKÌdeU �ZK(x(O`Ys�eKl��JLd R (PM

zi
jp[XuHi\K(O

λ(q, w; zi), µ(q, w; zi)
jp[Xu

z−i(q, w; zi)uXK([XdpObK/Ob_cK<dp�cObYs|&jpi9È8�1jp]eW`jp[X]eY\jp[B|;Ys[XY\|�Y	�(Y\[X] É xz_cdeY\x(KDqGOzjpy{Y\[c]
zi

jpq$(cMPKDu��ÁÑÐOSY\q
K¸jlqZfaO`d4q`KDK�O`_rjlO/xz_rjp[c]eKDq/Y\[

wi

_rj¸�pK�[cd	KC��K(x(O/de[VO`_XKDqZK;xz_XdpY\xDK(q@U�K(x¸jp~cq`K
zi

Y\q
(cMPKDu�� �,_XK4�XWZdeUXi\K(|6dp� (r[XucY\[X]oO`_XK�de�PObY\|;jpi�x(de[XuXY�ObY\dp[rjpi�� jpx(O`deW<uXKD|;jp[Xu

zi

Y\q
Ob_cKD[BObdÎq`dei��eK �

max
zi

−wi · zi + λ(q, w−i; zi) · [f(zi, z−i(q, w−i; zi)) − q] + µi(q, w−i; zi) · zi

+
ObKDWZ|;q,[cdpOSuXKD�²KD[XucY\[X]Îde[

zi.

�,_XYsqÌ�cW`deUXisKD|#_XjpqTYs[XxDWZK¸jpqZY\[X]<uXY���K(W`KD[cxDKDqÌY\[
(zi,−wi)

� � �X�Xi�f§Y\[X] ��dp�Xy{Y\qDÓK�,_cKDdlÏ
W`K(|�Q°RËKËq`KDKTOb_rjlO

zi(q, w)
RGYsi\ihU²KÁuXK(xDW`KDjpq`Ys[X]¾Ys[

wi

�,È8�¾~XKDqgObY\dp[ �1x¸jp[ fpde~�Y\ucKD[hObY��©f
xDdp[XuXYsO`Y\de[cqS~c[XuXKDWSRG_XY\xz_

zi(q, w)
RËde~ci\uajli\q`d�uXK(xDW`KDjpq`K Y\[

wj

�·deW
j 6= i % Ob_XYs[Xy

jpU²de~cOGx(de|;�ci\KD|�KD[hO`qGjp[XuBq`~XUcqZObY�Ob~cO`KDqSY\[B�XWZdPuX~cx(ObYsde[�� É
! ¹#"Á¹#$H¹

����������� � � � � � �  �� � � 
 ���  "!

� de[XqZY\uXK(W@j�|�de[Xde�²dei\YsqZOGRG_Xd4� jpx(KDq/j (cMPKDu |;jpW`]pY\[rjpi1x(deqZO@dl�T�cW`d§uX~Xx(O`Y\de[
c
jp[Xu

uXK(|&jp[cu ]eY��eKD[ U{f Ob_cK��·~X[XxCObYsde[
D(p)

� �,_cKa|;dp[Xde�²dei\YsqZO�xz_Xd§deqZKDq&O`_XKode~POb�X~cO
�XWZY\xDK

p
q`d�jpqÌObdH|&j°MPYs|;Ysq`K

Π(p, c) = (p− c)D(p)
���PYs[XxDKSOb_XKLdeU �ZK(x(ObY��eKS�·~X[Xx(O`Y\de[

Y\q j��·~X[XxCObYsde[ndp�Gde[cisf�de[XK&x(de[hObWZdeiT�ljpWZYkjpUXisKpQ�YsO YsqHO`W`Ys�§Y\jpi\i�faq`~c��K(W`|�dPuX~cikjpWHY\[
pÈ |;jpylKÌqZ~XW`K�O`_rjlO1fede~Hy{[Xd R�_Xd R^O`dLqZ_Xd RnOb_XYsq É �ÍvSdÅRTK(�pKDW(QpRG_rjlO�jpU²de~cO1Ys[XxDWZK¸jpqZY\[X]

� � �
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uXYs��KDWZKD[Xx(KDq �
∂Π

∂p
= D′(p)(p − c) + D(p)

∂2Π

∂p∂c
= −D′(p)

�Pd4RG_XK(O`_XKDW@O`_XK�deU �ZK(x(ObY��eK �·~X[cx(ObYsde[VY\[aO`_XY\qL�·deW`|�_rjpq@Ys[XxDWZK¸jpqZY\[X]4uXY���K(W`K([XxDK(q<Ys[
(p; c)

ucKD�²KD[XuXqBde[ O`_XKVuXYs��KDWZKD[hObY\jpUXYsi\YsO�f jl[Xuwq`_rjp�²K dp�/Ob_XK uXK(|&jl[Xut�·~X[XxCObY\dp[!�
Ñ�[ |�deqZO�xDjpq`K(qDQÁRG_XK([tYsO�KCMPYsqZObq(Q

D′(p) ≤ 0
QÁqZd ∂2Π

∂p∂c
≥ 0

� vSd RËKC�eKDW(Q,RËK�x¸jp[
ObW`jp[XqZ�·dpW`| O`_XK;�cW`deUXisKD|�qZd�O`_rjlO<[Xd�jpq`qZ~X|;�PObY\dp[Xq<jpU�dp~cO/Ob_XKÎuXK(|&jp[cu��·~X[XxCObYsde[
jpW`K [XKDx(KDq`q`jpWZfp� � dp[Xq`YsuXKDWËObjpy{Y\[X] j i\de]ejpW`Y�Ob_X|�Y\xÁO`Wbjp[Xqg�·deW`|;jlO`Y\de[;dp��Ob_XK deU �ZKDxCObY��eK
�·~X[XxCObY\dp[!�Ì�PY\[cxDK

ln(.)
Y\qGjl[	Ys[XxDWZK¸jpqZY\[X] �·~c[Xx(O`Y\de[!QPOb_XK/jpWZ]e~X|�KD[hO,Ob_XjlOG|&jÅMcYs|;Ysq`K(q

Π(p, c)
jpisq`dÎ|&jÅMcYs|;Ysq`K(q

ln (Π(p, c))
Qr]eYs�pKD[BU²KDi\d R �

ln (Π(p, c)) = ln(p − c) + ln(D(p)) .

�,_XKD[	RËK/]eKCO
∂ ln(Π)

∂p
=

1

p − c
+

D′(p)

D(p)

∂2 ln(Π)

∂p∂c
=

1

(p − c)2
≥ 0

� q;q`_Xd RG[ jpU²d �eKlQÁOb_XK	deU �ZK(x(ObY��eK	�·~X[Xx(O`Y\de[�Y\q�q`~X�²KDWZ|;d§uX~Xi\jpW�Y\[
p
jl[Xu _rjlq;Ys[PÏ

xDWZK¸jpqZY\[X]�uXYs��KDWZKD[Xx(KDq�Ys[
(p; c)

jl[Xu Ob_cY\qÎW`K(q`~Xi�O&RËjpq&deUPOzjpYs[XKDu RGYsOb_cde~cO�|&jly§Ys[X]
jp[hf�jpq`qZ~X|;�PObY\dp[XqSjpU�dp~cOLO`_XK<uXKD|;jp[Xu	�·~X[Xx(O`Y\de[��ËÒ^K<_rj¸�eKHq`_Xd RG[oO`_rjlOSOb_XK<xDdp[PÏ
xDis~Xq`Ysde[ O`_rjlO��XWZY\xDK	Y\[cxDW`KDjpq`K(qaÈ·Y\qÎ[Xde[cuXKDx(W`K¸jlq`Y\[c] É �·deW�jp[ Y\[cxDW`KDjpq`K	Y\[ |;jpW`]eYs[rjpi
xDdeqgO

c
_Xdei\ucq,W`KD]ejpW`uXisKDqZqSdl��O`_XK/�XW`de�²KDWgObYsKDq,dp�¿Ob_XK/uXK(|&jl[Xu	�·~c[Xx(O`Y\de[!�

� � �
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Ñ�[c�·deWZ|&jpisisfpQeO�RËd�Ys[X�X~cO`qÁjpWZK x¸jli\i\K(u&qZ~XUXqZO`YsO`~cObK(qËRG_XKD[Bjl[�Y\[Xx(W`KDjpq`K¾Ys[;O`_XK¾�XWZY\xDKSdp�
de[XK�i\KDjpuXq/Obdajl[^Y\[cxDW`KDjpq`K�Y\[ Y\[c�X~cOHuXKD|;jp[Xu �·deW/Ob_XK�q`K(xDde[Xunjp[Xunx(de|;�ci\KD|�KD[hO`q
RG_XKD[�YsO,isK¸jpucqGO`d�jÎucKDxDWZK¸jpqZKHYs[BY\[X�X~POGuXKD|;jp[XuB�·deWÁOb_cK<qZKDx(de[Xu!� �,_rjlOSYsqDQ

Ys� ∂zi

∂wj
≥ 0

O`_XKD[BRTKHq`j f&Ob_rjlOSYs[X�X~cO
zi

jp[Xu
zj

jpWZK@xDde|��Xi\K(|;K([hObq

Ys� ∂zi

∂wj

≤ 0
Ob_XK([	RTK<qbj¸f�Ob_XjlOSY\[X�X~PO

zi

jp[cu
zj

jlW`K@q`~cUXqZO`YsOb~PObKDq
�PK(�pKDW`jpi�Ob_XYs[X]eq,xDdp[Xq`�XYsW`K@ObdÎx(de|;�ci\Y\xDjlObKLOb_XYsq,q`KDK(|;Ys[X]ei�f�q`Ys|;�ci\K¾uXK�(r[XY�ObY\dp[!�
Ê Y\WZqZODQeYsO�Y\q9�²KDWg�·KDxCObisfH�²deq`qZY\UXisKTOb_XjlO9Ob_cKÁxz_rjp[X]pK,Y\[ uXK(|&jl[Xu�Y\[ WZKDqZ��de[cq`K,Obd@j¾�cW`Y\x(K
Y\[Xx(W`KDjpq`K�Y\q/[XdpO<~X[cYs�·deWZ| � �·deW/KCMcjp|��Xi\KlQ�Ob_XK�uXKD|;jp[Xu �·deW/Y\[c�X~cO j

|;j f Ys[XxDWZK¸jpqZK
jpqÁOb_cK<�cW`Y\x(K@dp��Y\[X�X~PO

i
Y\[Xx(W`K¸jlq`KDq,�·WZde|

wi

O`d
w′

i

jp[Xu	|&j¸f&O`_XKD[BuXK(xDWZK¸jpqZK jpq,O`_XK
Y\[X�c~cO��XWZY\xDK&Y\[Xx(W`K¸jlq`KDq��·~XWgOb_XK(W Obd

w′′
i

��Ñ�[X�X~cO`q
i
jp[Xu

j
|&j¸f�U�K4qZ~XUXqZO`YsO`~cObK(qÎjlO

q`de|�K@�XWZY\xDK(qSjp[XuBOb_XK([�|;j¸f�U²K<x(de|��Xi\K(|;K([{O`qGjlOGdpO`_XKDWG�XWZY\xDK(qD�
�PKDx(de[Xu!Q!O`_XK�W`K(q`�²de[XqZKÎO`dBj��XW`YsxDK Ys[XxDWZK¸jpqZK�x¸jp[VucKD�²KD[Xu de[aRG_XYsxz_ dp�cObYs|;Y��¸jlO`Y\de[
�XW`dpUXi\K(| RTKojpWZK4~Xq`Ys[X]VObd uXKCObKDWZ|;Ys[XK4uXK(|&jp[cu!��Ñ�[X�X~cO�uXK(|&jl[XuXqÎ|;Ys]e_hO�xDdpW`W`KNÏ
q`�²de[Xu ObdBOb_XK�q`deis~cObYsde[ dp�,jBxDdpqZOH|;Ys[XY\|�Y	�DjlObYsde[��cW`deUXisKD|�Ys[ RG_cY\xz_^dp~cOb�X~PO

q
Ysq

_XKDisu4xDde[cqZOzjl[{ODQXdeWË�·WZde| Ob_XK@isde[X]lÏÐW`~X[;�XW`d (XO,|;j°MPY\|�Y	�¸j°ObY\dp[!QpRGYsO`_Bjpi\i²Y\[c�X~cObqÁjp[Xu
¼e¼ �
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de~cO`�X~cOL�·W`KDKHObd&�ljpWgfeQ�dpW¾j&qZ_XdeWZOgÏ�WZ~X[a�XWZd (XO@|;j°MPY\|�Y	�DjlObYsde[4�XW`dpUXi\K(|�Q�RGYsO`_aq`de|�K
Y\[c�X~cObq (PMcK(u!�

'���%(' ��? -	�B.�> - 
�0(F 0 �Á-/.100- 2 �²2 .�)4. ( ) ��:!.10N.�)�.10*-H2

��K(OÍ~Xq9xDdp[Xq`YsuXKDW¿Ob_XKÁ�cW`d (XOÍ|&jÅMcYs|;Y��¸jlO`Y\de[@�cW`deUXisKD| �·deWÍj q`Ys[X]ei\KNÏ�de~POb�X~cO (rWZ| RGY�Ob_
O�RTd;Ys[X�X~cO`q �

max
z

{pf(z1, z2) − w · z} .

ÑÐ�
f(z)

YsqGuXYs��KDWZKD[hObY\jpUXi\KlQPO`_XK/uXKD|;jp[XuB�·~X[XxCObY\dp[
z(p, w)

| ~XqgOSqbjlO`Y\qZ�©f;Ob_XK/[XK(xDK(qgÏ
qbjlWZf (rWZqZOgÏ�deWZuXKDWGxDdp[XuXYsO`Y\de[cq

p
∂f(z1(p, w1, w2), z2(p, w1, w2)

∂z1
≡ w1

p
∂f(z1(p, w1, w2), z2(p, w1, w2)

∂z2

≡ w2.

�¿dLqZY\|��Xi\Y��©fSO`_XKÌ[XdpOzj°ObY\dp[!Q RËK�RGY\isie[XdeWZ|&jpisY	�(K�Ob_cKTde~POb�X~cO¿�XWZY\x(K�O`dLU²K�de[XK È
p = 1

É �
� Y���K(W`KD[hO`YkjlO`Y\[X] O`_XK (rW`qgOZÏ�dpW`uXK(W,xDde[XucYsObYsde[XqÁRGY�Ob_BW`K(q`�²KDx(OSObd

w1

RTKH_rj¸�pK

f11
∂z1

∂w1
+ f12

∂z2

∂w1
= 1

f21
∂z1

∂w1
+ f22

∂z2

∂w1
= 0.

� Y���K(W`KD[hO`YkjlO`Y\[X] RGY�Ob_BW`K(q`�²KDx(OGO`d
w2

RTKH_rj¸�pK

f11
∂z1

∂w2

+ f12
∂z2

∂w2

= 0

f21
∂z1

∂w2

+ f22
∂z2

∂w2

= 1.

� � �
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Ê deW,q`Ys|;�XisY\x(YsO�feQ{RTK/RGYsi\i²RGW`YsO`K@Ob_XYsq,Y\[B|&j°ObW`Y M&�·dpW`|
[

f11 f12

f21 f22

] [
∂z1

∂w1

∂z1

∂w2

∂z2

∂w1

∂z2

∂w2

]
=

[
1 0

0 1

]
.

ÑÐ�!Ob_cK vSKDq`qZYkjp[&|&jlO`W`Y M�Q [ f11 f12

f21 f22

] Q{Y\qÌY\[h�eK(WZObYsUXi\KlQhOb_rjlOÌYsqDQ{Ys��RËKL_rj¸�eK¾j<W`K(]e~XikjlW
|&jÅMcYs| ~X|	Q§O`_XKD[BRTKHxDjp[�qZdeis�pK@�·deWÁOb_XK/|;jlObWZY�M&dp� (rW`qgOLucKDW`Y��ljlObY��eKDq

[
∂z1(p,w)

∂w1

∂z1(p,w)
∂w2

∂z2(p,w)
∂w1

∂z2(p,w)
∂w2

]
=

[
f11 f12

f21 f22

]−1

�,_XK¾|;jlObWZY�M�de[�O`_XK isK(�©OËY\qËy{[Xd RG[	jpqÌOb_XK¾qZ~XUXqgObYsO`~cObYsde[�|;jlObWZY�M�qZY\[Xx(K¾YsOTuXKDqZxDWZY\U²KDq
_Xd R O`_XK (rW`|�qZ~XUXqgObYsO`~cObK(qHdp[XKÎY\[X�X~PO@�·deW/jp[XdpO`_XKDW/jlq/O`_XK�� jpx(O`deW@�XWZY\xDK(q/xz_rjp[X]eKl�
�,_XK�q`K(xDde[Xu§Ï�deWZuXKDW¿xDde[cuXYsO`Y\de[¾�·deW��XW`d (cO�|;j°MPY\|�Y	�DjlObYsde[SY\q!Ob_XjlO�Ob_XKÌvSKDq`qZYkjp[<|;jlObWZY�M
Y\qÌj/qZf§|;|�K(O`W`Ysx,[XKD]hj°ObYs�pKGuXK�(r[cYsObKS|;jlObWZY�M�� �,_cKLYs[{�pKDWZq`K dl��j/qZf§|;|�K(O`W`Ysx,[XKD]hj°ObYs�pK
uXK�(X[XYsO`Ko|;jlObWZY�M Y\q;jpisq`dnj�qZf§|;|�K(O`W`Ysx�[XK(]hjlO`Ys�eK�uXK�(X[XYsO`Ka|&j°ObW`Y M�� �,_cY\q&|�K¸jl[Xq
Ob_rj°O�O`_XKBq`~XUcqZObY�Ob~cO`Y\de[}|;jlObWZY�M^Y\qÎjpisq`dVqgfP|�|�K(ObWZY\xBjp[cu�[XK(]hjlO`Ys�eKBuXK�(r[XY�ObK È _cdÅR
uXd§KDqLO`_XY\qLW`K(ikjlO`K<O`d&�XWZde��dpq`YsO`Y\de[ � � É ���,_XYsqLO`KDi\isqL~cqLOb_XjlOLO`_XK (XW`|	Ó qLuXKD|;jp[Xuo�·dpW
Y\[X�c~cO

i
RG_XK([B�XW`YsxDK

j
xz_rjp[X]pKDq,Y\qTKD�{~rjpi�Obd Ob_cK¾xz_rjp[X]pK@Y\[&O`_XK (rW`|	Ó qÁuXKD|;jp[Xu��·dpW

Y\[X�c~cO
j
RG_XK([��XWZY\x(K

i
xz_rjl[X]eKDq(�

' �Î%&% � -H:!.�> 0(2B0(F 0
�,-/.100-H2 �²2 .�)4. ( ) ��:!.10N.�)�.10*-H2

JLd R xDde[cq`Y\ucKDW O`_XK (rWZ|�Ó q¾xDdpqZO@|�Y\[XYs|;Y��¸jlO`Y\de[4�cW`deUXisKD|��·deW j&q`Ys[X]ei\KNÏ�de~POb�X~cO (rW`|
RGYsO`_BO�RTd�Y\[X�X~PObq

min
{z|f(z)≥q}

{w1z1 + w2z2} .

� � 4
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�,_XK (rWZqZOZÏÐdeW`ucKDWGxDde[cuXYsO`Y\de[XqÁjpW`K

f (z1(q, w), z2(q, w)) ≡ q

λ
∂f (z1(q, w), z2(q, w))

∂z1
≡ w1

λ
∂f (z1(q, w), z2(q, w))

∂z2
≡ w2.

Ê dei\isd RGY\[X]�Ob_cK^qbjl|;K^jp�X�XWZdhjpxz_ jpq	RGYsO`_��XW`d (XOa|;j°MPY\|�Y	�DjlObYsde[ � jp[Xu�jp�X�Xi�fPYs[X]
� Wbjl|;K(WDÓ q,W`~XisKpQXRTK<dpUcOzjpYs[4Ob_XK@�·deisi\d RGY\[X]Hq`~XUcqZObY�Ob~cO`Y\de[B|;jlObWZY�M

[
∂z1(q,w)

∂w1

∂z1(q,w)
∂w2

∂z2(q,w)
∂w1

∂z2(q,w)
∂w2

]
=

[
f2
2

H
−f1f2

H
−f2f1

H

f2
1

H

]
.

Ñ�[�Ob_XYsq9O�RËd°Ï�Y\[c�X~cO�xDjpq`KlQ{O`_XKGq`Ys]e[�dp��Ob_XKGx(W`deqZqÌ�cW`Y\x(KÁK(��KDxCOÌ| ~XqZO�U²K,�²deq`Y�ObYs�pKpQeO`_rjlO
Y\q(Q −f1f2

H
> 0

� 
 �,_XKÎO�RTd�� jpxCObdeWZq<| ~XqZO<U²K�qZ~XUXqgObYsO`~cObK(qD� �,_cY\q/Y\q@qZ��K(xDYkjli9ObdBOb_XK
� � � 
 (5�-(5�$�=�H!;�-�.�)O8:Z�.�=9 �-(�*=��(+7��D�=�

w1

:U( � �J0&�=9J!#�

∂f

∂z1

∂z1

∂w1
+

∂f

∂z2

∂z2

∂w1
≡ 0

1 − λ

[
∂2f

∂z2
1

∂z1

∂w1
+

∂2f

∂z1∂z2

∂z2

∂w1

]
−

∂f

∂z1

∂λ

∂w1
≡ 0

0 − λ

[
∂2f

∂z2∂z1

∂z1

∂w1
+

∂2f

∂z2
2

∂z2

∂w1

]
−

∂f

∂z2

∂λ

∂w1
≡ 0.

� *=�.�)O�� �"!#��(5��� * �-')4�(3S1:U(M75!3�a*=�34�23( KL�3�Z9)�;: �=9)(M0)(5�8!#�J0&KL���Z�.�)�J'1���Y7"9J!#�)O�(�* KL�3�Z�J�=�H7�(	� �

∂z2(q, w)

∂w1
=

det




0 −f1 0
−f1 −λf11 −1
−f2 −λf12 0




det




0 −f1 −f2

−f1 −λf11 −λf21

−f2 −λf12 −λf22




> 0

�
:Z9)(��=(

H = det




0 −f1 −f2

−f1 −λf11 −λf21

−f2 −λf12 −λf22




�bd �
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O�RËd°Ï�Y\[c�X~cOGx¸jlq`K � Y��1Ob_XK(W`K/jpWZK@|;deWZK � jpxCObdeWZq,dp�¿�XW`d§uX~XxCObY\dp[!QcOb_cK@xDW`dpq`qgÏÐ�XW`YsxDK@KC��K(x(OU�KCO�RËK(KD[Vjl[{f&O�RËd�dp�¿Ob_XK(|�x¸jp[	U²K<�²deqZYsObY��eK@deW,[cKD]hjlO`Ys�pKp�
� 7'��;09<F Ä2G � Òw_hfoYsqLY�OGOb_rjlO Y\[	Ob_XK<O�RËdlÏÐY\[X�c~cO¾x(deqZO |;Ys[XY\|�Y	�DjlObYsde[&�XWZdeUXisKD|	Q²O`_XK
Y\[X�c~cObqS| ~XqgOLU²K<q`~XUXqgObY�Ob~cO`KDq�� Òw_{f	uXdÎRTK [XdpOL_rj¸�eK/Ob_cY\qSxDde[XucYsObYsde[BY\[BOb_XK/O�RTdlÏ
Y\[X�c~cOG�XW`d (XOS|&j°MPYs|;Y��¸jlO`Y\de[��XW`dpUXi\K(| �

' �Î% � ( ) .V*Á?ÍF -�I )B+(-@?Í0N.M+ -<2BI �²2 .�)�. ( ) �	:!.10N.�)4.100-H2

vLd RTK(�eK(WDQTY\[n�XWZdPuc~XxDK(W Ob_XK(deWZfpQ�O`_XKDWZK4jpWZK���K(W`_rjl�Xq�K(�pKD[ U�KCO`ObK(W��ÎuXK�(r[XYsO`Y\de[cq dp�
q`~XUcqZObY�Ob~cO`KDq�jl[Xu xDdp|;�XisKD|�KD[hObq(� 	SjlOb_cKDW�O`_rjp[ �·d§xD~cqÍde[ O`_XKÁxz_XdpY\xDKTU�K(_rj¸�§Y\deW(QlOb_XjlO
Y\q(Qp_Xd R�Ob_cK (rWZ|�Ó qÍxz_XdpY\xDKÌdp��Ys[X�X~cO`q

z
xz_Xjp[X]eK(qÍ�·deW�j ]eYs�pKD[HY\[X�X~POÍ�XWZY\x(KËxz_rjp[c]eKpQpRTK

xDde~ci\u��·d§xD~cq de[oO`_XK �cW`d§uX~Xx(O`Y\de[	�·~X[XxCObY\dp[oYsO`q`K(is� � � de[XqZY\uXK(WLOb_cK �{~XKDqgObYsde[adp��_cdÅR
uXd§KDq¾Ob_cK�|&jpWZ]eY\[Xjpi��cW`d§uX~Xx(O`Ys�§YsO�f�dp�ÌY\[c�X~cO

i
xz_rjp[c]eKÎjpq¾RTK�xz_Xjp[X]eK O`_XK�jp|;dp~X[hO

dp��Y\[X�X~PO
j
�

∂

zj

(
∂f

∂zi

)
=

∂2f

∂zi∂zj
= fij

ÑÐ�
fij > 0

QcOb_cKD[BY\[X�c~cObq
i
jp[cu

j
jpWZK@xDde|��Xi\K(|;K([hObqDQPOb_rjlOÁY\qDQcYs�1Ob_XK (XW`| Ys[XxDWZK¸jpqZKDq

Ob_XK¾jp|;dp~X[hOÁdp�1Ys[X�X~cO
j
O`_rjlOËYsOÁ~cq`KDq(QcOb_cK¾|&jlW`]eYs[rjpir�XWZdPuX~cx(O,dp�!Y\[X�X~PO

i
Ys[XxDWZK¸jpqZKDq

jp[XuaO`_XKDWZK(�·deWZK Ob_XK (rW`|�RGY\i\i1uXK(|&jl[XuV|;dpW`K dl��Y\[X�X~PO
i
�/ÑÐ�

fij < 0
Q�Ob_XK([VY\[X�X~PObq

i
jp[Xu

j
jpWZK�q`~XUcqZObY�Ob~cO`KDq(Q¿O`_rjlO/Y\q(Q�Ys��Ob_cK (XW`| Ys[XxDWZK¸jpqZKDq@Ob_cK;jl|;de~c[{O/dl�TYs[X�X~cO

jOb_rj°OËY�OT~cq`KDq(QPO`_XKL|;jpWZ]eY\[rjliX�XW`d§uX~XxCOËdl��Y\[X�c~cO
i
uXK(xDW`KDjpq`K(q,jp[Xu�Ob_XK(W`KC�·deW`KGOb_XK (rW`|

RGY\isi�uXK(|&jp[cu�isKDq`qGdp��Y\[c�X~cO
i
�

�,_XKDqZK,uXK�(X[XYsO`Y\de[Xq¿dp��Ys[X�X~cO�q`~XUcqZObY�Ob~cO`Y\de[ jpW`KTxDi\dpq`KDi�f/W`K(ikjlO`KDu O`d¾q`~X�²KDWZ|;d§uX~Xi\jpW`Y�O�fe�
ÑÐ�

f(z)
Y\q uXY���K(W`K([{O`YkjpUci\KpQ9O`_XKD[}q`j f§Ys[X]aOb_rj°O

f(z)
Y\q q`~X�²KDWZ|;d§uX~Xi\jpW Y\[

z
Ysq Ob_XK

qbjp|�K/jpqÁq`j¸fPYs[X]�Ob_rj°O
fij ≥ 0

�·deW,jpisi�Y\[c�X~cObq
i 6= j

���,_XY\q,[XdlObY\dp[�dp��xDde|��Xi\K(|;K([hObq
Y\|��Xi\YsKDq¿Ob_rjlO�O`_XKGY\[X�X~PObqÌjpW`KGx(de|;�ci\KD|�KD[hO`q�Y\[�Ob_XKS�XWZd (XO�|;j°MPY\|�Y	�¸j°ObY\dp[ �XWZdeUXi\K(|��
��W`de�²deq`Y�ObYsde[ Ô q`_Xd RGq;O`_XY\q�WZKDi\jlObYsde[Xq`_cY\�n�·deW O`_XKB�XW`d (cO;|;j°MPY\|�Y	�DjlObYsde[ �XW`deUci\KD|

���U(��=�=(�� �.�F�=9)(�*=(5��* (Z�-9J!;� 9)(5�-(3S��=9)( 01( � �J�V�-�.���F��* EJ!3*=(�0������=9)(��)�=�����V�-�.2�(�*�� �=9J(��)�-�101'J7��-�.���
KL')��7��=���3���Z!#�J0&�)�3�D���a�=9)( � �-� � *DEc(59�!_2$���3�

�bd �
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RGYsO`_ j q`Ys[X]ei\KBy{Y\[cu dp� de~cOb�c~cO�jl[Xutjpisi,Y\[X�c~cObqÎ�·W`K(K	O`d��ljpWZfp�tÑÐO�ObKDisi\qÎ~Xq�Ob_rjlODQ
~X[XucKDW<xDKDWgOzjpYs[�x(de[XuXY�ObYsde[XqDQ�Y��

f(z)
Y\q/qZ~X��K(W`|�dPuc~XikjpW¾O`_XKD[ ∂zi(p,w)

∂wj
≤ 0

�·deW<jpi\i
ijp[Xu

j
�

���9���¿�Ì�e�¬�Í������� � £z¢C¦¬± ¤ ¯C¦�¥p¦ ¦ £C®r¦ ¤ ¡°®	¦ ¡ ¦ » £@¶§¡ ��¥ ¤ ®o¡ ­��²± ¤ ¯z£ �p£z¯Cµ
¦�¡°±b¢

(p, w) ∈ R
n+1
+

� �r¡°® # »§¤ ¯ » z(p, w) ¤ ¢,¢ ¤ ®§³ ¨ £C¦�¡°®rµ �°¥ ¨ �r£`¶ ¹�H ­ f(z)

¤ ¢ ¤ ®�¯C±b£`¥°¢ ¤ ®§³�¥p®²¶&¢C�Å�r£C±��&¡D¶p� ¨ ¥p± �
fij(z) ≥ 0)

´Á¦ » £C® z(p, w) ¤ ¢ ¤ ¢ ¡°µ¦�¡°®�£ ����#Ë£`¥�� ¨ « ¤ ®�¯C±z£`¥°¢ ¤ ®§³�� �a¤ ® p
¥p®²¶n¥p®r¦ ¤ ¦�¡°®�£ ����#Ë£`¥�� ¨ «^¶§£z¯C±b£`¥°¢Cµ

¤ ®§³�� �Î¤ ® w ¹

Â<Ã°Ä�Ä²Æ`Ç,�PYs[XxDK
f(·)

Y\qTY\[Xx(W`K¸jlq`Y\[c]�jp[Xu4qZ~X��K(W`|�dPuc~XikjpW(Q§O`_XK (rWZ|�Ó qÁdeU �ZK(x(O`Ys�eK¾�·~c[XxCÏ
ObYsde[

p · f(z) − w · z
Y\q<q`~X�²KDWZ|;d§uX~Xi\jpW/Y\[

(z, p).
�Li\q`dcQ¿O`_XK&xz_XdpY\xDK�q`KCO

R
n
+

Ysq j
q`~cUXikjlOZObYsxDKp���Pd Uhf �¿de�Xy{Y\q(Órm�dp[XdpObdp[XY\x(YsO�f,�,_XK(deW`K(|�Q
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g(x, y, t) = pf(x, y) − wxx − wyy.
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Ò�KË|;j fHx¸jli\i
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RG_XYsxz_ÎO`_XKÁ�XWZd (XO`q�jlO��XWZY\xDK(q

pn

jlW`KÁ[Xd@|�deWZKËOb_rjl[
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Ob_XjlOGY\[X[cKDW,U²de~X[Xu!� �,_XK@�·WZKDK/uXY\qZ��dpqbjpi�Ys[X[XKDW,U²de~X[cu	Ysq �

Y I
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Q¿_Xd RËKC�eK(WDQ�Y\q<[XdpO q`~�	�xDYsKD[hO RG_cKD[nOb_cK

�XWZdPuX~cx(ObYsde[&qZK(O
Y
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���9�������e��������� � � � �L~rjpi\Y�O�f dl����WZd (XO¿jp[Xu ��W`d§uX~XxCObYsde[ Ê ~X[Xx(O`Y\de[cq ���Å�²µ
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f(x) = min
p

π(p) + p · x
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x, p

Q
π(p) ≥ f(x) − p · x
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f(x) ≤ minp π(p) + p · x
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xDde[hO`Y\[{~Xde~XqG~cO`Y\isYsO�f��·~X[Xx(O`Y\de[�Q ¼ �
xDde[h�pKCM�Q À§¼
xDdeqgOG�·~X[Xx(O`Y\de[�Q ¼�� �

xDdpqZOS|;Ys[XY\|�Y	�DjlObYsde[!Q ¼�� �
uXK(|&jp[cu!Q+� Õ
uXY��PYsq`YsUXY\isYsO�feQ/�	�
��[X]eK(i¿x(~XWZ�pKpQ � À
KD[h�pKDi\dp��K/Ob_XK(deW`K(|�Q � �
KD�{~XY��ljpi\K([{OG�ljpWZYkjlO`Y\de[!Q � �XQ � Õ
KCMP�²KD[XucYsOb~cW`K/�·~X[Xx(O`Y\de[�Q ÕpÔ
KCMP�²KD[XucYsOb~cW`K�|;Ys[XY\|�Y	�DjlObYsde[G�XW`dpUXi\K(|�Q

ÕeÕ
�·Wbjl|;Ys[X]XQ À �
�·W`K(K/uXY\qZ��deq`jpi�Q � ¼
v���	��¿Q ¼��
vLYsxzy{q`Ykjl[�uXK(|&jl[Xu!Q ÕeÕ
_Xde|�de]eK([XKDdp~XqDQ+� �PQ Õ �
_Xde|�dpO`_XK(O`Y\xpQ Õ �
vLdlObKDisi\Ys[X]XÓ q ��KD|�|&jcQ ¼��c¼
Y\ucK¸jpi!Ys[XuXKNM�Q � �
Y\[cxDde|�K@K(��KDxCO¸Q ÕpÔ
Ñ�[Xx(de|;K/KNMc�Xjp[Xq`Ysde[	xD~XWg�eKpQ � À
Y\[cuXY\WZKDx(OG~PObY\isYsO�f��·~X[XxCObY\dp[!Q � Õ
Y\qZdpObdp[XK@uXYs��KDWZKD[Xx(KDq(Q ¼ � �
�ZdeYs[!Q ¼�� �

¼ � �



Ñ J ��� �

�@~X_X[PÏ ��~cxzypKDWSxDdp[XuXYsO`Y\de[cqDQ � �
�1jp]eW`jp[X]eK@| ~cisObYs�Xi\YsKDW(Q Õ§¼
�1jpq`�²K(f§WZKDqSY\[XuXKNM�Q � �
ikj°O`ObYsxDKlQ ¼e¼��
��K � _rj°ObKDisY\K(W,�XW`Ys[XxDYs�Xi\KlQ ¼ÅÀ � Q ¼ � À
i\KNMPY\xDdp]eWbjp�c_XY\x¾�cW`K(�·K(W`K([XxDK(qDQ ¼ÅÕ
i\d§x¸jli�[Xde[§Ï�qbj°ObYkj°ObY\dp[!Q À �
i\dp[X]lÏ�WZ~X[!Q ¼ÅÀ �
i\d RTKDW,x(de[hObde~XWGqZK(O¸Q ¼ �
|;jpW`]eYs[rjpi²WbjlO`K/dp�ÍqZ~XUXqgObYsO`~cObYsde[!Q � �
|;jpW`]eYs[rjpi�Wbj°ObK¾dp��O`KDxz_X[cdei\de]pY\x¸jli�qZ~XUPÏ

qZObY�Ob~cO`Y\de[�Q � �
|;jpW`]eYs[rjpilWbjlO`KTdp�PObW`jp[XqZ�·dpW`|;jlObYsde[!Q � À
|;jpW`]eYs[rjpi²~cObYsi\Y�O�f&dp��Y\[cxDde|�KpQ ÕP¼
|;jpW`]eYs[rjpi²~cObYsi\Y�O�f&dp�¿RTK¸jpi�Ob_!Q Õ§¼
|;jpW`ylK(OGKD�{~XYsi\YsUXW`Ys~X|�Q � Õ
|;jpW`qZ_rjpi\isYkjp[;uXKD|;jp[Xu�Q � �

|�KDK(ODQ ¼�� �
|�de[XK(fpQ À �
|�de[XdpO`de[XY\x(YsO�fpQ À �
[Xd�RTK¸jpi�Ob_	K(��KDx(O`qDQ ÀpÔ
�Íjpjpq`xz_XK<Ñ�[XuXKNM�Q � �
�rjpWgObY\jpi�deWZuXKDW(Q ¼�� �
�²KDWZ�·K(x(OSY\[P�·deW`|;jlObYsde[!Q/� �
�XWZK(�·KDWZW`K(u!Q+�
�XWZY\xDK¾ObjpypK(WDQ �	�
�XWZY\xDK¾Objpy{Y\[X]cQ � �
�XWZdPuX~cxDKDW,O`_XKDdeWgfeQ+� Õ

�XWZdPuc~Xx(O`Y\de[4�·~X[XxCObYsde[!Q � �
�XWZdPuc~Xx(O`Y\de[B�Xi\jp[!Q � �
��W`d (XO moj°MPY\|�Y	�DjlObYsde[!Q � Õ
�§jp~XqZY�ÏÐxDde[XxDj¸�eKpQ À �

�{~rjpqZY�ÏÐi\Y\[cK¸jpW(Q À �
W`jlObYsde[rjpi¬Q Õ
W`jlObYsde[rjpi�xz_XdeY\x(KpQ+�
W`jlObYsde[rjpisY	�DKlQ��
WZK(Ob~cW`[Xq,Obd�q`xDjpi\KlQ � ¼
qZKD�rjpW`jpUXYsi\YsO�fpQ ÀeÕ Q À �
qZKD�rjpW`jlObYs[X]�_hf§��K(W`�Xi\jp[XK¾Ob_cKDdeWZKD|	Q � �
qZ_rjpuXd R �XWZY\x(K@dp��RTK¸jlisOb_�Q ÕP¼
�P_cKD�rjpWZu!Ó q���KD|�|;jcQ Õ �
qZ_XdeWZOgÏ�WZ~X[!Q ¼ÅÀ �
qZ_§~PO uXd RG[!QM� ¼
qgObW`Ysx(OGx(de[h�eKCMPY�O�feQ ÀeÀ
qZ~XUXqZO`YsO`~cObK(qDQ ¼e¼ �
qZ~XUXqZO`YsO`~cObYsde[BUXYkjpq(Q � �
qZ~XUXqZO`YsO`~cObYsde[BK(��KDx(ODQ Õ �
qZ~X��K(W`|�dPuc~XikjpW(Q ¼e¼ �
qZ~X�X�Xi�feQ+� Õ
O`KDxz_X[Xdpi\de]pfpQ �	�
�¿de�Xy{Y\qÍm�de[cdpObde[cY\xDY�O�f��,_XK(deW`K(|�Q ¼e¼ÅÀ
O`Wbjp[Xqg�·deW`|;jlO`Y\de[&�·WZde[hObYsKDWDQ � ¼
O`Wbjp[XqZYsO`Ys�§YsO�fpQ Õ
~X[cxDde|���K([Xqbj°ObKDu	uXK(|&jp[cu!Q � �

~X�c��K(WSx(de[hObde~cWSqZK(ODQ ¼ �cQ ÀeÀ
~cO`Y\isYsO�f��·~X[Xx(O`Y\de[�Q ¼ �

� ���



Ñ J �D� �

Ònjli\WbjlqDÓ �1j¸R/Q � ¼
RÁjli\Wbjlq`Ykjl[4uXKD|;jp[Xu!Q � �

Ò/�D	���Q ¼p¼
RËKDjpisO`_�KC��K(x(ODQ ÕpÔ
RËKDjpisO`_�KC��K(x(O`qDQ ÀpÔ

� �!4


